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A LINEAR RIEMANN-STIELTJES INTEGRAL EQUATION SYSTEM
CHAPTER I  
INTRODUCTION
1. In tro d u c t io n . The system  t r e a t e d  here  i s  a  type o f  l i n e a r  
v e c to r  R ie m a n n -S tie ltje s  i n t e g r a l  e q u a tio n . Under c e r t a in  c o n d itio n s  th e  
system  reduces to  th e  c l a s s i c a l  se c o n d -o rd e r l i n e a r  d i f f e r e n t i a l  system .
Chapter I I  i s  concerned w ith  e x is te n c e ,  un iq u en ess , and r e la te d  
b a s ic  p ro p e r t ie s  of s o lu t io n s .  C hap ter I I I  i s  concerned w ith  th e  d e te r ­
m in a tio n  o f th e  a d jo in t ,  c o m p a tib i l i ty  o f th e  system , and b a s ic  p r o p e r t i e s  
o f co n jo in ed  s o lu t io n s .  N ecessary  and s u f f i c i e n t  c r i t e r i a  f o r  s o lu t io n s  
to  s a t i s f y  c e r t a in  boundary c o n d it io n s  a r e  g iven  in  C hapter IV. A lso , th e  
r e la t io n s h ip  between th e  g iven  system  and an a s s o c ia te d  R ic c a t i  i n t e g r a l  
system  i s  co n sid ered ; i n  p a r t i c u l a r ,  some r e s u l t s  concern ing  p r in c ip a l  
s o lu t io n s  a re  g iven . For s e l f - a d j o i n t  system s, i t  i s  shown i n  C hapter V 
th a t  th e re  a re  c r i t e r i a  o f o s c i l l a t i o n  and n o n - o s c i l la t io n  which a re  
d i r e c t  g e n e ra l iz a t io n s  o f known c r i t e r i a  f o r  the  c l a s s i c a l  s e l f - a d j o i n t  
d i f f e r e n t i a l  system , w h ile  C hap ter VI i s  devoted to  th e  e x te n s io n  to  such 
system s of th e  o s c i l l a t i o n ,  s e p a r a t io n ,  and com parison theorem s o c c u rr in g  
in  th e  g e n e ra l iz a t io n  o f  th e  c l a s s i c a l  S turm ian th eo ry  due to  Morse 
( [ 2 ] ,  [3 ; Chs. I l l ,  IV ]) .
2. The system . Vt.- s h a l l  b e  concerned  w ith  th e  system
1
(E) u ( t )  -  Ug +  j  [dN]v,
' a
v ( t )  "  Vg +  j  [dM]u, f o r  t  6  [ a , b ] .
'a
w here M and N a re  n  x  n  d im en sio n a l complex v a lu ed  m a tr ix  fu n c tio n s ,  
w h ile  u and v  a re  n -d im en sio n a l complex v a lu ed  v e c to r  fu n c t io n s .  By a  
s o lu t io n  we s h a l l  mean ( u ( t ) ; v ( t ) )  w hich s a t i s f y  (E) f o r  some v a lu e s  o f 
u^ and v ^ . We s h a l l  assume th a t  M and N s a t i s f y  H w hich i s  g iv en  by
H. M and N a re  o f bounded v a r i a t i o n  and N ^  co n tin u o u s
on I a ,b ] .
At v a r io u s  o th e r  tim es we s h a l l  assume H and N s a t i s f y  th e  fo llo w in g  
h y p o th e s is .
H^. M (t) and N (t)  a re  h e rm itia n  f o r  t  £  [ a ,b ] .
N I s  s t r i c t l y  in c r e a s in g ; t h a t  i s , N (t) i s  h e rm itia n  fo r
t  6  [ a ,b ]  and N (t)  -  N (s) i s  p o s i t i v e  d e f i n i t e  f o r
s , t  £  [ a ,b ] ,  s  < t .
Hjj. System (E) i s  I d e n t i c a l l y  norm al on [ a ,b ] ;  t h a t  i s , th e
only  v e c to r  fu n c tio n  v ( t ) .  such  th a t  (0 ; v ( t ) )  i s  a  s o lu ­
t io n  o f  (E) on any i n t e r v a l  [ c ,d ]  C  [a ,b ]  i s  v ( t )  = 0 .
We w i l l  a lso  be  i n t e r e s te d  i n  th e  g e n e ra l  m a tr ix  system  
(E q )  U (t) -  + I  [dN]V,
V (t) ”  + p  [dM]U, f o r  t  6  [ a , b ] ,
w here U and V a re  n x  q m a tr ix  f u n c t io n s .  I f  M and N a re  a b s o lu te ly
3con tin u o u s fu n c t io n s ,  (E) may b e  reduced  to  th e  c l a s s i c a l  second  o rd e r 
d i f f e r e n t i a l  sy stem , w h ile  i f  N i s  a b s o lu te ly  con tinuous and M o f bounded 
v a r i a t i o n ,  system  (E) may be red u ced  to  th e  system  found in  R eid [4 ] .
M atrix  n o ta t io n  i s  used th ro u g h o u t; i n  p a r t i c u l a r ,  m a tr ic e s  o f one 
column a r e  c a l le d  v e c to r s ,  a l l  n  x  n ,  n  > 1 , i d e n t i t y  m a tr ic e s  a re  
denoted by  th e  symbol E, and 0 i s  used  in d is c r im in a te ly  f o r  th e  zero  
m a tr ix  o f  any d im ensions. L et d eno te  th e  s e t  o f  n -d im en sio n a l complex
valued
,n
v e c to r s .  I f  u = (u ^ ,* * * ,u ^ ) and v  » (v ^ ,« " " ,v ^ )  a re  elem ents o f
C , th e n  th e  in n e r  p ro d u c t o f u and v , ( u ,v ) ,  w i l l  be th e  u s u a l  in n e r
p roduct th e  norm o f u , | u | ,  w i l l  be th e  u su a l norm (u ,u )^ ^ ^ ; and
Tth e  symbol (u ;v ) w i l l  deno te  th e  2n -d im en s lo n a l v e c to r  y ■ ( y ^ ^ " " ',y 2^) 
such t h a t  y^ ■ u^ and y ^ ^  » v^ f o r  i  = l ,* * * ,n .  The co n ju g a te  tra n sp o se  
o f a  m a tr ix  H i s  deno ted  by H*, and H i s  c a l le d  h e rm itia n  w henever H* » H.
rh
The sym bol [dN]u w i l l  deno te  th e  n -d im en sio n a l v e c to r  whose i - t h  compo- 
a
r rb fb
n e n t i s  ) [dN. ]u  and i f  U i s  an  n x  q m a trix  fu n c tio n  [dN]U w i l l
fb
deno te th e  n x  q m a tr ix  whose i j - t h  component i s  "^U
in t e g r a l s  a re  R ie m a n n -S tie ltje s  and th e  v a r ia b le  o f in te g r a t io n  norm ally  
w i l l  be o m itte d . N i s  c a l le d  n o n -d e c re a s in g  on [ a ,b ] ,  i f  N (t) i s  h e rm itia n  
f o r  t  in  t h i s  in t e r v a l  and N (t)  -  N (s) i s  n o n -n eg a tiv e  d e f i n i t e  fo r  
s , t  6  [ a , b ] ,  s  < t .  The norm o f  an  n x  d m a tr ix  N i s
1n | -  su p { |N s | | c e  c ‘^ .U l  -  1}.
The s e t s  B V [a,b ], C [a ,b ] ,C ^ [a ,b ] ,B C [a ,b ] , and CB[a,b] a r e  th e  
n -d im en s io n a l v e c to r  fu n c tio n s  o f  bounded v a r i a t io n  on [ a , b ] ,  th e
n -d im en sio n a l v e c to r  fu n c tio n s  w hich  a re  co n tinuous on [ a , b ] ,  th e  su b se t
of C [a ,b ] of fu n c tio n s  w ith  co n tin u o u s  f i r s t  d e r iv a t iv e ,  BV[a,b] x  C [a ,b ] ,
4and C [a ,b ] x  B V [a ,b ], r e s p e c t iv e ly .  I f  a  s u b s c r ip t  o f  0 i s  used on any 
s e t ,  i t  w i l l  in d i c a te  th a t  th e  fu n c t io n s  a r e  r e s t r i c t e d  to  b e  ze ro  a t  
th e  e n d p o in ts ; f o r  exanq>le, n £  C ^ [a ,b ] i f  n G C [a ,b ] and n (a )  "  0 » n (b ) .  
The syid>ol (1 .1 )  w i l l  r e f e r  to  th e  s ta te m e n t numbered 1 .1  in  th e  c h a p te r  
i t  i s  g iv e n , w h ile  ( I I .  1 .1 )  w i l l  r e f e r  to  s ta te m e n t 1 .1  of C hap ter I I ,  
and w i l l  be  used  in  c h a p te rs  o th e r  th a n  I I .  T h e o r ^ s ,  lemmas, and 
c o r o l l a r i e s  w i l l  a l s o  be numbered i n  t h i s  m anner.
CHAPTER II
EXISTENCE AND UNIQUENESS OF SOLUTIONS
1 . E x is te n c e . We f i r s t  w ish  to  examine th e  e x is te n c e  o f s o lu t io n s  
to  our system . I f  F i s  an n x  n  m a tr ix  fu n c tio n  o f bounded v a r i a t i o n  on 
[ a ,b ] ,  l e t  h = hp be  d e f in e d  a s  fo llo w s ;
(1.1) h(a) = 0,
h ( t )  = h p ( t )  = |F ( 8j ) - F ( S j _ ^ ) a  < < s^  < • • •  < s^ <  t}
f o r  t  6  ( a , b ] .
Then h i s  monotone n o n -d e c re a s in g  on [ a ,b ] ,  and con tinuous a t  t  6. [a ,b ]  i f  
F i s  con tinuous a t  t .
I f  w ( t)  = (w ( t ) )  i s  a  v e c to r  fu n c tio n  on [a ,b ]  which i s  such  th a t
'b "b
[dF)w e x i s t s  and * i s  a  r e a l  v a lu ed  fu n c tio n  such th a t  *dh_ e x i s t s  
Ja  J a  F
and |w ( t ) |  < (|)(t) f o r  t  fe [ a ,b ] ,  th en  i t  fo llo w s r e a d i ly  th a t
,b
[dF]w 4>dhp.
Using th e se  c o n c lu s io n s , we g e t  th e  fo llo w in g  r e s u l t s .
THEOREM 1 .1 . I f  M and N s a t i s f y  H, system  (E) has ^  s o lu t io n  fo r  
a r b i t r a r y  n -d im en s io n a l u ^ , v ^ .
We have th a t  (u ;v )  i s  a s o lu t io n  o f (E) i f  and only i f
(1. 2) u ( t )  = g ( t )  + (dN (s)]{ [d M (r)]u (r)}
w ith  g ( t )  = +  [N (t) -  N (a )]v ^ . In  p a r t i c u l a r ,  g ( t )  i s  con tin u o u s.
L et
(1 .3 )  u ^ ( t )  E 0 ,
» g ( t )  + [dN (s^)] j [dM(s2> ]u ^ (s2) , m = 0 , 1 , 2 , '
Then
f t  fS i
u^Ct) -  u ^ ( t )  » [d N (s^ )] ^ [d M (s .)]g (s_ )
L e t hj^ = p ,  hjj = V, w here f o r  g e n e ra l m a tr ix  fu n c tio n s  h^ i s  d e f in e d  as 
above. Then v i s  con tinuous and p ,v  a r e  monotone n o n -d ec rea s in g  on [a ,b ]  
I f  k  i s  a  c o n s ta n t such t h a t  | g ( t ) |  < k  on [ a ,b ] ,  th e n  we have
(1 .4 )
so th a t
(1 .5 )
[dM]g < k j  dp * k p ( s ) ,  f o r  s £  [ a ,b ] .
lugCt) -  u ^ ( t ) |  < kpdv = k pdv fo r  t  €  [ a ,b ] .
Suppose th a t  th e  in e q u a l i ty
(1 .6 )  | u ^ ^ ( t )  -  u ^ ( t )  I ^ ^  . fo r  t  6 [a ,b ]
h o ld s  f o r  m ■ r .  Then we have
■ 1 1 ! a
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[dM (s2> ][u^j^(s2) -  “ ^ (s ^ )  ]
p ( s 2)d v (s 2) |  dp(82) dv (s^ )
< i
-  r l
t  f S i  rr®2
a H . . rp (s 2 )d v (s 2)J d p (s2) dv (s^ )
7-  H  L  [ f a  " ( 'z i d v t S z j  ' i f l a  •‘ (S 2 )d v (s2 ^
1. r r n  -i r + 1
<
-  (r+l)l [i: h
Hence, we have th a t  (1 .6 ) h o ld s  f o r  a l l  m = 1 ,2 ,* • •  and
l"m + l(^) ■ I -  w  [ j ^  , f o r m  -  1 , 2 , ' " ' .
C onsequen tly , th e  s e r i e s  [U j( t)  -  _ ^ ( t ) ] converges u n ifo rm ly  on
[ a ,b ] ,  and
b
(1.7 ) I Ej [Uj (t) -  ] | 2 Ij jY bdv]
ifb< ke
S in ce  th e  convergence i s  u n ifo rm , we g e t  th a t  
(1*8) u(t) = [Uj(t) - Uj_i(t)]
i s  co n tin u o u s  and u ( t ) ,  v ( t )  = v^  +  
(E ).
t
[dM]u i s  a  s o lu t io n  to  our sy stem
a
2. U niqueness.
THEOREM 2 .1 .  The s o lu t io n  o f  (E) f o r  giv e n  v a lu e s  o f u and v i s  
u n iq u e .
T his i s  e q u iv a le n t to  showing t h a t  i f  (u ;v )  i s  a  s o lu t io n  o f (E) 
w ith  Ug = 0 = v^ then  u ( t )  = 0 = v ( t ) .  But u ( t )  i s  co n tin u o u s so  th e r e  
e x i s t s  a  k > 0 such th a t  | u ( t ) |  < k  f o r  t  €  [ a ,b ] .  M oreover,
j  [dN(Sj^)
r n
u ( t )  *  I H ( s . ]  ( d M ( s - ) u ( s „ )J
so  t h a t
| u ( c ) 1 < k  ydv < k pdv.
I f  we assume |u ( t ) |  < | |  pd\^ f o r  t  €  [a ,b ]  we have
|u (C ) | <
SI
| u ( s 2 ) | d p ( s 2) dv(s^)
-  ^  la  [fa " 4  ' [ f a  " 4
[fa 4 "
I  .  r+1 A r+1
Hence, j u ( t ) |  < [ k / ( r + l ) ! ] [  pdv] < [ k / ( r + l ) ! ] [  pdv] f o r  a r b i t r a r y
■'a a
in te g e r s  r  and th u s  u ( t )  = 0 ,  v ( t )  = [ [dN]u = 0 .
J a
In  th e  above argum ent, we co u ld  have used any p o in t t^  6  [a ,b ]  as  
th e  i n i t i a l  p o in t  and o b ta in e d  th e  in e q u a l i ty
I I t  ^'dv I
(2 .1 )  | u ( t ) |  < k e  °  , t €  [ a ,b ] .
I f  we l e t  u « u ( t , tg ,U g ,V g ) ,  v = v ( t , t ^ ,u ^ ,v ^ )  be th e  s o lu t io n s  of
(E) w ith  i n i t i a l  c o n d itio n s  u ( t  ) » u , v ( t  ) = v , we f in d  th a t  u and vo o o o
a r e  n o t n e c e s s a r i ly  c o n tin u o u s  i n  t^ . However, we may choose k  u n ifo rm ly  
f o r  a  s e t  o f  th e  type
(2 . 2)
so  th a t  we g e t th e  fo llo w in g  r e s u l t  d i r e c t l y  from th e  un ifo rm  convergence 
o f th e  sequence (1 . 8 ) .
COROLLARY 2 .1 .  F o r a  g iv e n  j  > 0 th e r e  e x i s t s  ^  c^ > 0 such th a t  
|u ( t 'to '" o * V o ) l  -  |v ( t , t Q ,u ^ ,v ^ ) |  < f or  (t^^.u^.v^) ^  , t  è  [ a ,b ]  ;
moreover, uniform ly f o r  e  [a ,b ]  the  v e c to r  fu nc tion  u ( t , t ^ ,u ^ ,v ^ )  i s
continuous i n  ( t ,u ^ ,v ^ )  on D^, and uniformly f o r  t , t ^  fe [a ,b ]  the  v ec to r
fu n c t io n  v ( t . t  ,u  ,v  ) i s  continuous in  (u ,v  ) on lu I < i . Iv I < i .— o o o —  —  o o * o — * 0 —
CHAPTER III
PRELIMINARY RESULTS
1. The a d jo in t  system» In  t h i s  s e c t io n  we s h a l l  c o n s id e r  th e  a d jo in t  
system  and some o f  I t s  p r o p e r t i e s .  To do t h i s ,  system  (E) s h a l l  be  changed 
In to  a  2n-d lm enslonal system  by th e  fo llo w in g  s u b s t i tu t io n s .  Let
0 E n
-E  0 n
, -  dlag{-M ,N}, y = (u ;v )
I t  I s  to  be  no ted  th a t  J ” ^ = J*  = - J ,  and th a t  I s  h e rm itia n  I f  and on ly  
I f  M and N a re  h e rm itia n . Thus system  (E) I s  e q u iv a le n t to
(1 .1 )  L [y ] ( t )  = J [d y ]  + [dl7^]y = dY^
f o r  y e. CB[a,b] and dY  ^ = 0 . However, we may s tu d y  L[y] f o r  Y  ^ 6  B C [a,b ], 
and w i l l  do so . L e t J0(L) = C B [a ,b ]. S ince  s o lu t io n s  to  L [y ] ( t )  = 0 
a re  u n iq u e ly  determ ined  by I n i t i a l  v a lu e s  y ( t^ )  a t  a  g iven  t^  6  [a ,b ]  we 
o b ta in  th e  fo llo w in g  r e s u l t  f o r  th e  co rresp o n d in g  m a trix  system
( l . l z g )  L [Y ](t)  5 J[dY] +  [d-h^Y = 0 .
LEMMA 1 .1 . ^  Y (t)  i a  a s o lu t io n  o f  ( l . l g ^ ) ,  th en  th e  rank  o f Y I s  
c o n s ta n t .
We w ish  to  show th a t  th e  system  d e fin e d  by
(1 .2 )  L * [z ] ( t )  = J [d z ]  + [d'H |*]z = 0
I s  th e  a d jo in t  system  of ( 1 .1 ) .  To do t h i s  we need th e  fo llo w in g  r e s u l t .
10
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LEMMA 1 .2 . ^  z s o lu t io n  o f L [z ] = 0 and y ^  s o lu t io n  o f
L[y] = 0 ,  th en  th e re  e x i s t s  _a c o n s ta n t k  such th a t  z*Jy 5 k .
We have th a t  i f  y = (u ;v )  and z * (n ;ç )  a re  s o lu t io n s  of th e  r e s p e c ­
t i v e  e q u a tio n s  L[y] = 0 and L ^ z ]  » 0 ,
v ( s )  -  v ( s “ ) = [M(s) -  M (s~ )lu (s )  and 
ç ( s )  -  ç ( s " )  = [M*(s) -  M * (s~ )]n (s );
so we may v e r i f y  by d i r e c t  s u b s t i tu t io n  th a t
z * ( s ) J y ( s )  * z * (s“ ) J y ( s ” ) ,  s  6  ( a ,b ] .
In  a  s im i la r  fa sh io n  we may show th a t
z * ( s ) J y (s )  -  z* (s‘*’) J y ( s ‘‘‘) ,  s  Gl [ a , b ) ,
and th u s  z*Jy i s  a  con tinuous fu n c tio n  on [ a ,b ] .
L e t n 6  C ^ [a ,b ] . Then we w ish  to  exam ine
(1 .3 )
b fb
z*Jyn*dt ■
a
z*Jydn.
Now y and z a re  e lem en ts  o f  CB[a,b] so th e  i n t e g r a l s  o f (1 .3 )  eq u a l
(1 .4 ) [dz Jyn] - [dz ]Jyn - z * J [d y ]n .
But [d z * ]J  * z*[d'W|^], J [d y ]  = -[d T tjly , and n (a )  = 0 = n ( b ) ,  so th a t  (1 .4 )  
becomes
(1 .5 )
a
[d'n^Jyn + Z*[d7>|]yr) = 0.
C onsequen tly , by th e  fundam ental lemma o f  th e  c a lc u lu s  o f v a r ia t io n s  
th e re  e x i s t s  a  c o n s ta n t k such th a t  z*Jy  i s  eq u a l to  k a t  every  p o in t  o f  
th e  i n t e r v a l  [ a ,b ] .
I f  Y (t)  i s  a  fundam ental m a tr ix  s o lu t io n  of ( 1 .1 ) ,  and Z ( t)  i s  a
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fundam ental m a tr ix  s o lu t io n  of ( 1 .2 ) ,  th e n  Z*JY = C w here C i s  a  c o n s ta n t ,  
n o n - s in g u la r  m a tr ix . Thus JY*” ^ ( t )  “ Z (t)C *  and Z (t)C *~^ i s  a  fu n d a­
m e n ta l m a tr ix  s o lu t io n  o f  ( 1 .2 ) .  A lso , Y ^ ( t )  = C ^ Z * ( t) J  i s  o f  th e  form 
[P Q] w here Q i s  co n tin u o u s and P and Q a r e  2n x  n m a tr ix  fu n c tio n s  of 
bounded v a r i a t i o n  on [ a ,b ] .  In  p a r t i c u l a r ,  th e  i n t e g r a l s
[d l"^ ]Y  and Y"^[dY]
e x i s t .  M oreover,
[dY "^j"^]JY  and Y ~ V ^ td J Y ] .
a ls o  e x i s t .
L et * b e  a  fu n c tio n  on [a ,b ]  such th a t  4>*y i s  c o n s ta n t  on [ a ,b ]  f o r  
a l l  y  w hich a r e  s o lu t io n s  o f  L [ y ] ( t )  “ 0 . I f  Y i s  a  fundam ental m a tr ix  
s o lu t io n  o f (1 .1 )  and z ( t )  = J 6 ( t ) ,  th en  Y* = z*JY w here y i s  a  c o n s ta n t 
v e c to r .  M oreover, i f  4 = J* z  w ith  z » JY* \ ,  then  4)*y = z*Jy =
Y*Y ^Jy -  y *Y ^y w hich  i s  c o n s ta n t on [ a , b ] .  Now, f o r  t  £  [ a , b ] , we 
have
dE
f t
a
[dY ■^J"^]JY + Y " V ^ d [JY ]
so  th a t
{ [ d Y " ^ j " ^ ] J  -  Y " l j " l [ d T T p } Y
{ [ d Y " V ^ ] J  -  Y "V ^ [d 7 y |]}
{J*[dJ*Y*“ ^ l -  [d'Tvj*']J*“ , 
and s in c e  J*  * - J  i t  fo llo w s  th a t  z » i s  a  s o lu t io n  o f  (1 .2 ) .
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We l e t  
( 1 . 6) L * [ z ] ( t )  = Jd z  + [d?^ ]z  « dŸ^, J0(L*) = C B [a ,b ].
I t  i s  to  be n o te d  th a t  i f  M and N s a t i s f y  h y p o th e s is  th e n  L [ z ] ( t>  = 0 
i s  e x a c tly  L [ y ] ( t )  = 0 . I f  we l e t  u ^ ( t )  = J y ( t )  and U ^(t) = J Y ( t ) , we 
g e t  th e  fo llo w in g  r e s u l t .
THEOREM 1 .1 .  ( i )  ^  y and z a re  s o lu t io n s  o f (1 .1 )  and ( 1 .2 ) ,
r e s p e c t iv e ly , th e n  z * ( t ) J y ( t )  i s  c o n s ta n t on [ a ,b ] ;  ( i i )  ^  Y ( t)  and Z ( t)  
a re  s o lu t io n s  o f  th e  m a tr ix  e q u a tio n s  f o r  (1 .1 )  and (1 .2 )  r e s p e c t iv e ly ,  
th en  th e re  i s  ^  c o n s ta n t m a tr ix  C such  th a t  Z * ( t) J Y ( t)  = C on [ a , b ] ;
( i i i )  i f  Y (t)  in  ^  fundam ental m a tr ix  f o r  (1 .1 )  and Z ( t)  _is d e f in e d  by 
Z * ( t)J Y ( t)  -  C w here C ^  _a c o n s ta n t  m a tr ix , th en  Z in  ^  s o lu t io n  o f  ( 1 .2 ) ;  
m oreover. Z ( t )  ^  a  fundam ental m a tr ix  f o r  (1 .2 )  ^  and o n ly  i f  C ^  non­
s in g u la r .
In  view o f (1 .1 )  and ( 1 .6 ) ,  we have th e  i d e n t i t y
(1 .7 )  
so  t h a t
(d'y ,z )  -  ( y , d A  = d (z * J y ) , y z
(1 . 8) (d'? ,z )  -  
a  “
(y ,d 'î^ ) = z*Jy
f o r  y G: J0 (L) , z 6. (L ) .
In  p a r t i c u l a r ,  from (1 .8 )  i t  fo llo w s th a t
(1 .9 )  (dV y,z) -  (y ,d Y ^  f o r  y e  J b ^ ( L ) ,  z fc (L *),
w here i t  i s  to  b e  r e c a l le d  th a t  jD ^ (l)  -  { y |y G .J3  (L ) , y ( a )  = 0 = y (b )} .
lArM oreover, i f  z £  CB[a,b] and th e re  e x i s t s  an  6  BC[a,b] such  th a t
(1. 10) (dY ^,z) -
a  y
(y ,d Y ^  -  0 f o r  y 6 < P „ ( L ) ,
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we can re w r i te  (1 .1 0 ) as
fb rb *  *
(1 .1 1 ) 0 -  (d y ,J* z ) +  (y ,[d r» |* ]z  -  dY*), fo r  y 6  JD ^(L ),
J a  j a  ‘ z o
so  t h a t
rb r^ ^
(1 . 11 ' )  0 » J  ( d y , j*2 -  [dTT^*]z + Y ^), f o r  y Ê ^ ^ a ) .
C onsequently , by  th e  fu n dam en ta l lemma o f th e  c a lc u lu s  of v a r i a t i o n s ,  
th e re  e x i s t s  a  c o n s ta n t v e c to r  y such  th a t
J [dTT] ]z  + Y -  Y^(J z ( t )  +  I ) ” (t)
o r  J [d z ]  +  [ d i ^ l z  = dY*
T hat i s ,  we have th e  fo llo w in g  r e s u l t .
THEOREM 1 .2 .  The c l a s s  J%L*) i s  c h a ra c te r iz e d  a s  th e  s e t  o f v e c to r  
fu n c tio n s  z & CB[a,b] such  t h a t  th e r e  e x i s t s  _a co rresp o n d in g  Y * ^  BC[a,b] 
fo r  w hich (1 .1 0 ) h o ld s . and f o r  z f e ^ ( L * )  th e  co rresp o n d in g  dY * i s
u n iq u e ly  determ ined  a s  I ^ [ z ] .
2. C o m p a tib il i ty . We now w ish  to  c o n s id e r  th e  o p e ra to r  L w ith  
domain D(L), a  m an ifo ld  betw een j5 ^ (L ) and J0 (L ) , and exam ine th o se  
fu n c tio n s  y 6  D(L) th a t  s a t i s f y  th e  system
(2 .1 )  L [ y ] ( t )  ■ 0 ,  y e D ( L ) .
C le a r ly  th e  s o lu t io n s  o f  ( 2 .1 )  form  a  v e c to r  sp a c e . I f  th e re  a r e  non­
t r i v i a l  s o lu t io n s ,  th en  th e re  i s  a  u n iq u e ly  determ ined  in te g e r  k ,
(1 < k < n) such  th a t  y ^ ^ \ y ^ ^ \  • • • ,y^^^ a re  l i n e a r l y  in d e p en d en t and 
span th e  space o f  s o lu t io n s .  I f  k  > 0 , we say  system  (2 .1 )  i s  com patib le
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and h as  in d ex  k . I f  th e re  a re  no n o n - t r i v i a l  s o lu t io n s ,  we w i l l  say  th e  
system  i s  in c o m p a tib le .
L et
D (L ;a ,b ) * {Uy |Uy = ( J y ( a ) ,J y ( b ) )  f o r  a l l  y  6  D(L)},
where J  i s  d e f in e d  in  th e  p re c e d in g  s e c t io n .  Now, D (L ;a ,b ) s p e c if ie s  
D(L) s in c e  th e  c o n d itio n  th a t  ju ^ ( L ) ^  D(L) ^ jD (L )  im p lie s  th a t y €  D(L) 
i f  and on ly  i f  y e < 0 (L )  and fe D (L ;a ,b ) . Thus we can examine D(L) by 
co n s id e r in g  D (L ;a ,b ) . Let P be a  m a tr ix  whose column v e c to r s  form a  
b a s is  fo r  D (L ;a ,b ) . By exam ining th e  v a r io u s  ca se s  a s  in  Reid [6 ; pp. 
127-128] we can o b ta in  the  fo llo w in g  r e s u l t .
theorem 2 .1 .  The system  (2 .1 )  has in d ex  2n i f  dim D (L ;a,b) = 4n; 
i t  has index  0 ^  dim D (L ;a ,b ) »  0. ^  dim D (L ;a ,b ) = 4n-m, 1 < m < 4 n - l ,  
and th e  in d ex  i s  k ,  th en  th e  ra n k  o f  th e  4n x  (6n-m) m a tr ix  P] i s  
6n —m—k.
Now we w ish  to  examine th e  c o n d itio n s  under w hich we g e t  a s o lu t io n  
to  th e  d i f f e r e n t i a l  system
(2 .5 ) L [y ] ( t )  “ 0 ,  Uy -  (Ü 6 D (L ;a ,b ) ,
fo r  w some 4n -d im en sio n a l v e c to r .  To do t h i s  we need th e  a d jo in t  system
(2 .6 ) I ^ [ z ] ( t )  »  0 , z fe D (^ * ;a ,b ) ,
where D(JL ;^ a ,b )  i s  th e  s e t  o f  a l l  v e c to rs  o rth o g o n a l to  th e  space spanned
by v e c to rs  o f  th e  s e t
(2 .7 ) T ■ { t | t  ■ QUy f o r  y 6  D(L)}
w ith  Q = d iag { -E 2^ ,E 2^}.
To consider ( 2 .5 ) ,  we s h a l l  examine
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(2 .8 )  L [ y ] ( t )  = d ¥ ( t ) ,  f o r  t  6  [ a ,b ] ,  y -  w e  D(L),
w here w ^  D(L) and Y e  B C [a,b ]. I f  u i s  an  a r b i t r a r y  4n -d lm en slo n al 
v e c to r ,  th e re  i s  a  w D(L) such th a t  “  w, so  system  (2 .8 )  i s  eq u iv a­
l e n t  to
(2 .8 * ) L [ y ] ( t )  = d Y (t) ,  f o r  t  £  [ a ,b ] ,  u^  -  w 6  D (L ;a ,b ) .
I f  (2 .8 )  has a  p a r t i c u l a r  s o lu t io n  y ^ ( t ) , th e n  th e  g e n e ra l  s o lu t io n  fo r
(2 .8 )  i s  th e  sum o f  y p ( t )  and th e  g e n e ra l s o lu t io n  f o r  ( 2 .1 ) .
By exam ining th e  v a r io u s  cases  we can o b ta in  th e  fo llo w in g  r e s u l t .  
THEOREM 2 .2 .  ^  y ^ ( t )  ^  a  p a r t i c u la r  s o lu t io n  o f  th e  nonhomogeneous 
system  ( 2 .8 ) ,  and Y ^  a  fundam ental m a trix  o f  th e  co rresp o n d in g  homo­
geneous system , then ; ( i )  ^  dim D (L ;a ,b ) « 4 n , (2 .8 )  has _a s o lu t io n  of 
th e  form  y ( t )  = Y p(t) + Y ( t)S , f o r  a r b i t r a r y  ( i i )  ^  dim D (L ;a ,b ) » 0 ,
(2 .8 )  h as  a  s o lu t io n  i f  and only  i f  [U^ u^ -  Uy ] has ran k  2n, and th e  
s o lu t io n  i s  u n iq u e ; ( i i i )  11 dim D (L ;a,b ) ■ 4n-m , 1 < m < 4 n - l ,  (2 .8 )
h as  ^  s o lu t io n  i f  and on ly  i f  th e  m a tric e s  [U^ P] and [U^ P u^ -  Uy ]
have th e  same ra n k . The g e n e ra l s o lu t io n  i s
y ( t )  » 7 p ( t )  +  y ( ^ ) ( t ) u ^  +  y ( ^ ^ ( t ) o 2 +  •••  + y ^ ^ ^ ( t ) o ^ ,  w here i s
a r b i t r a r y , i  = 1 ,  « ,k ,  and { y ^ ^ ^ ( t ) • ,y^^^ ( t ) } i s  a  b a s i s  f o r  th e  s e t  
o f s o lu t io n s  o f ( 2 .8 ) .
The symbol D(L^) w i l l  deno te th e  m an ifo ld  o f  a l l  2 n -d im ensional 
v e c to r  fu n c tio n s  z  & C B [a ,b ], f o r  w hich th e re  i s  a  co rresp o n d in g  
BC[a,b] such  th a t
f (dY „,z) -  r  (y .d Y ^  "  0 f o r  a l l  y £ D(L).a y’ Ja
S ince JD (L) C  D (L), Theorem 1 .2  im p lie s  t h a t  D ( I^ )C  <0(lJ^) and
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dY * ( t )  *  L * [z ] ( t )  f o r  t  €  [ a ,b ] ,  z C D (L*). Thus D ( ^ )  has th e  ch a ra c ­
t e r i z a t i o n
D(L*) ■ { z lz € J 3 ( L * ) ,  z*QUy ■ 0 f o r  y €  D(L)}.
C onsequen tly , th e  system  
(2 . 6 ’ ) L * ( z ] ( t )  -  0 ,  f o r  t  G [ a ,b ] ,  z £  D(L*)
i s  e q u iv a le n t  to  (2 .6 )  and i s  c a l le d  th e  a d jo in t  o f  th e  system  ( 2 .1 ) .
LQMA. 2 .1 . ^  k  i s  th e  index  o f  (2 .1 )  and k* i s  th e  index  o f ( 2 .6 ) ,
th e n  2n +  k* ■ m +  k .
The p roof i f  m "  0 o r  m "  4n i s  o b v io u s , so we need o n ly  examine 
th e  c a se  th a t  1 < m < 4 n - l .  I f  k  i s  th e  in d ex  o f th e  system  ( 2 .1 ) ,  the  
m a tr ix  [U^ F] h as  rank  6n -  m -  k . T h e re fo re , i f  Z i s  a  fundam ental 
m a tr ix  s o lu t io n  o f  L * [ z ] ( t )  « 0 such  th a t  Z*JY ■ E th e n
(2 . 10)
Z *(a) Z*(b)
0 Z*(b)
Q[ûy P]
has ran k  6n -  m -  k . But t h i s  m a tr ix  i s  o f th e  form
(2.11)
“2n
Z*QP‘'
X
and th u s  P*QZ has ran k  4n -  m -  k .  But Theorem 2 .1  a p p l ie d  to  (2 .6 )
*  JL ^
y ie ld s  th e  r e s u l t  t h a t  P QZ has ran k  2n -  k . Hence 4n -  m -  k  »  2n -  k  
o r  2n + k* « m +  k .
U sing th i s  r e s u l t ,  we may e s t a b l i s h  th e  fo llo w in g  r e s u l t  by  exam ining 
th e  v a r io u s  c a se s .
THEOREM 2 .3 . System (2 .8 )  h a s  a  s o lu t io n  i f  and o n ly  i f
rb
(2 . 12) I  z*dY -  z*Qu^
18
f o r  a l l  s o lu t io n s  o f th e  homogeneous a d j o in t  system  ( 2 .6 ) .
3. C onjo ined  s o lu t io n s . We have shown th a t  I ^ [ z ]  "  L[z] I f  I s  
s a t i s f i e d ,  so  Theorem 1 .1  Im p lies  th e  fo llo w in g  r e s u l t .
LEMMA 3 .1 .  I f  h y p o th e s is  I s  s a t i s f i e d ,  w h ile  (u ^ ;v^) and (“ 2 *^2  ^
a re  s o lu t io n s  o f  (E ), th e n
(3 .1 )  {Uj^;vj^|u2; v 2> ( t )  » v*C t)uj^(t) -  u * (t)V j^ (t)  = k  f o r  t  €  [ a ,b ] ,
w here k ^  some c o n s ta n t .
S in ce  t h i s  r e s u l t  w i l l  be used  h e a v i ly  In  th e  rem ainder o f  th e  
c h a p te r ,  we s h a l l  assume I s  s a t i s f i e d  In  th e  rem ain d er o f  t h i s  c h a p te r . 
I f  (U ^;V ^), (a  "  1 ,2 )  a re  s o lu t io n s  o f  (E ^ ), th e n  Lemma 1 .2  Im plies
th a t
{O ^îV jU jjV j}  .  -  0 ^ ^
I s  c o n s ta n t  on [ a ,b ] .
I f  ( u ^ ;v ^ ) ,  (o  » 1 , 2 ) ,  a rc  s o lu t io n s  o f (E) such  th a t  th e  c o n s ta n t 
fu n c tio n  {u^rv^juglV g} I s  z e ro , th e se  s o lu t io n s  a r e  s a id  to  be (m utually )
c o n jo in e d . I f  (u ;v )  I s  a  s o lu t io n  o f  (E) such th a t  { u ;v |u ;v }  I s  ze ro , we
say  th a t  (u ;v )  I s  s e l f - c o n  j  o lned ; I n  p a r t i c u l a r ,  a l l  r e a l  s o lu t io n s  (u ;v ) 
a re  s e l f - c o n jo in e d .
I f  Y ( t)  •  (U ( t ) ;V ( t ) )  I s  a  2n X r  m a tr ix  whose column v e c to rs  a re  
r  l i n e a r l y  In d ependen t s o lu t io n s  o f (E) w hich a re  m u tu a lly  co n jo in ed , 
th e se  s o lu t io n s  form a  b a s i s  f o r  a  co n jo in ed  fam ily  o f  s o lu t io n s  of
dim ension  r ,  c o n s is t in g  o f  th e  s e t  o f  a l l  s o lu t io n s  o f  (E) w hich a re
l i n e a r  com b in a tio n s  o f  th e s e  v e c to r s .  As In  Reid [6 , p . 306] we have th e  
fo llo w in g  r e s u l t .
THEOREM 3 .1 .  The maximal d im ension o f  & co n jo in ed  fam ily  o f
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solutions o f  (E) is n ; m oreover, a  given conjoined fa m ily  o f  solutions 
o f H4m#naion r  < n  Contained in a  conjoined fa m ily  o f  dimension n .
I f  Y ( t)  -  ( ü ( t ) ;V ( t ) )  i s  a  s o lu t io n  o f  (E^) on [ a ,b ]  whose v e c to rs  
form  a  b a s i s  f o r  an  n -d im en s io n a l co n jo in ed  fa m ily  o f  s o lu t io n s , th en  
f o r  b r e v i ty  we s h a l l  say  th a t  Y (t)  i s  a  c o n jo in ed  b a s i s  o f  (E ). In  
p a r t i c u l a r ,  i f  c €  [ a ,b ] ,  we s h a l l  den o te  by Y ( t ,c )  -  ( U ( t ,c ) ;V ( t ,c ) )  
th e  s o lu t io n  o f  (E^) s a t i s f y i n g  th e  i n i t i a l  c o n d it io n s  7 ( c ,c )  »  (0 ;E ).
As { ü ( c ,c ) ;V (c ,c ) |U (c ,c ) ;V (c ,c )}  -  0 i t  fo llo w s  th a t  Y ( t ,c )  i s  a  con jo ined  
b a s i s  f o r  (E ). C o rresp o n d in g ly , i f  Y ^ ( t ,c )  ■ ( U ^ ( t ,c ) ;V ^ ( t ,c ) )  i s  th e  
s o lu t io n  o f  (E^) s a t i s f y in g  th e  i n i t i a l  c o n d it io n  Y ^ (c ,c )  ■ (E ,0 ) ,  then  
Y ^ ( t ,c )  i s  a l s o  a  c o n jo in ed  b a s i s  f o r  (E ).
The fo llo w in g  r e s u l t  i s  o f  b a s ic  i n e r t a n c e  f o r  th e  s tu d y  o f system s
(E ).
THEOBEM 3 .2 . Suppose Y ^ (t)  ■ ( U ^ ( t ) ; ? ^ ( t ) )  i s  a  s o lu t io n  o f  (E^) 
w ith  D ^(t) n o n -s in g u la r  on [ c ,d ] C  [a ,b ]  and K ■ The
m a tr ix  fu n c tio n  Y (t)  -  (U ( t ) ;V ( t) )  i s  a  s o lu t io n  o f  (E^) on [c ,d ]  i f  and 
o n ly  i f  on t h i s  i n t e r v a l
(3 .2 )  U (t)  -  U ^ ( t)H ( t) ,  V ( t)  -  Vj^(t)HCt) +  ü J " ^ ( t) [K ^  -  K H (t)],
w here ^  a  c o n s ta n t  m a trix  and H (t)  ^  a  s o lu t io n  o f  th e  m a tr ix  eq u a tio n
(3 .3 )  I  dH(s) -  I  u "^ (s )[d N (s)]u J"^ (s )[K j^  -  K H (s)], fo r  t  €  [ c ,d ] .
I f  T th e  s o lu t io n  o f  th e  m a tr ix  system
(3 .4 )  r  dT (s) -  X  ü '^ (8 ) [d N (s ) lü J " ^ (8 )K T (s ) ,  T (c ) -  E,
 ^c   ^c
th e n  H (t)  jU  o f th e  form
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(3 .5 )  H (t)  -  T ( t ,c |u ^ ) [K ^  +  S ( t ,c iu ^ )K ^ ] .  f o r  t  €  [ c ,d ] ,
w here
(3 .6 )  S ( t ,c |U ^ )  -  j T‘ ^ (8 ,c |U j^ )u " ^ (8 ) [d N (s ) ]u J '^ (s )  f o r  t  £  [ c ,d ] ,
 ^c
and = -{U ;V |u^;V ^}.
We may w r i te  U (t)  » U ^ ( t)H ( t) ,  V (t)  -  V ^ (t)H (t)  + A ( t ) .  Then
[dU ]H +  [ U.[dH] -  [ [dU] -  [  [dNjV.H +  [ (dN]A 
c  •'c ' c  •'c
[ [dU^]H +  r
y C 'C
[dN]A
so th a t
A lso ,
[ 0^[dH] -  [ (dN]A. fo r  t  €  [ c ,d ] .
J c
V [dH] + [ [dA] -  f [d(V H + A)] « [ [dV] 
c •’c ' c
b u t
j [dV] -  I [dMjU^H -  I (dV^lH
so th a t
t  f t
V^[dH] + j [dA] - 0 ,  f o r  t  £  [ c ,d ] .
C onsequently , we have
j U*[dA] -  -j K[dH] -  I [duJjA  f o r  t €  [ c ,d ] .
Thus
U *(t)A (t) -  u J (c)A (c) -  -  KH(t) +  KH(c),
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and we have
A (t)  -  uJ” ^ (t) [U * (c )A (c )  +  KH(c) -  K H (t)], f o r  t  £  [ c ,d ] ,
b u t
ü* (c)A (c) +  KH(c) -  K^,
so  th a t
A (t)  -  uJ” ^ ( t) [K ^  -  K H (t)] f o r  t  £  [ c ,d ] .
Now
U^[dH] -  I  tdN]uJ” ^[Kj^ -  KB] -  0 
c  ^c
w hich im p lie s  ( 3 .3 ) .
S ince (3 .3 )  h as  a  un ique s o lu t io n ,  we may v e r i f y  (3 .5 )  by s u b s t i tu t in g
th e  s ta t e d  v a lu e  o f  H (t)  in to  ( 3 .3 ) .  The p ro p er u se  o f in t e g r a t i o n  by
p a r t s  shows t h a t  t h i s  v a lu e  s a t i s f i e s  ( 3 .3 ) .
CHAPTER IV 
NORMALITY AND ABNORMALITY
1 . D e f in i t io n s . For a  n o n d eg en e ra te  s u b In te rv a l  I ^ ,  l e t  A (I^) 
deno te th e  s e t  o f  a l l  fu n c tio n s  v  such  t h a t  ( u ( t )  = 0; v ( t ) )  I s  a  s o lu ­
t i o n  o f  (E ) . I t  I s  to  be n o te d  th a t  I f  v  £  A (I^ ) , th e n  v ( t )  I s  a
c o n s ta n t v e c to r  fu n c t io n  such  t h a t  N ( t ) v ( t )  I s  a lso  c o n s ta n t on I ^ .  I f
th e  dim ension o f  A (I^) I s  d * d ( I ^ )  and d > 0 we say  (E) I s  a b n o r m a l o f
o rd e r d , w h ile  I f  d = 0 we s h a l l  say  (E) I s  norm al. I f  I ^ C  th e n  
d (Ig )  > d ( I ^ ) .  M oreover, I f  N s a t i s f i e s  h y p o th e s is  h”*” we have t h a t  d = 0 
and th u s  (E) I s  norm al.
Two p o in ts  c ,d  6  [ a ,b ]  a r e  s a id  to  b e  (m utually ) c o n ju g a te  w ith  
r e s p e c t  to  (E) I f  th e re  I s  a  s o lu t io n  y ( t )  ■ ( u ( t ) ; v ( t ) )  o f (E) such  t h a t  
u (c )  "  0 = u (d )  and u ( t )  ^ 0 on th e  sub I n te r v a l  w ith  c and d a s  e n d p o in ts .  
The system  I s  c a l le d  d ls c o n ju g a te  on [ c ,d ]  I f  no two p o in ts  o f  t h i s  su b ­
in t e r v a l  a r e  c o n ju g a te . I f  th e re  e x i s t s  an  I n te r v a l  o f th e  form ( c ,“ ) 
f o r  which no two p o in ts  a re  c o n ju g a te , th e n  (E) I s  s a id  to  be d ls c o n ju g a te  
fo r  la rg e  t .
We s h a l l  l e t  th e  v e c to r  space  D ^[a ,b ] be th e  sp ace  o f  a l l  fu n c tio n s  
( u ( t ) ; v ( t ) )  w hich a r e  s o lu t io n s  o f  (E) such  th a t  u (a )  ■ 0 ■ u (b ) ,  and 
deno te by k [ a ,b ]  th e  d im ension o f n ^ [ a ,b ] .  I t  I s  to  be no ted  th a t  
k [a ,b ]  > d [ a ,b ]  and k [ a ,b ]  > d [ a ,b ]  I f  and on ly  I f  a  and b a re  m u tu a lly  
c o n ju g a te . The number k [a ,b ]  -  d [a ,b ]  I s  th e  o rd e r o f  b ( a )  a s  a c o n ju g a te
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p o in t  to  a {b}.
c dLEMMA. 1 .1 .  ^  [ c ,d ]  C  [a ,b ]  and u ,u  a r e  n-d im en sio n a l v e c to r s ,  
th e n  th e re  e x i s t s  a  s o lu t io n  y ( t )  = ( u ^ ( t ) ; v ^ ( t ) )  o£ (E) such th a t  
u (c ) = u* ,^ u (d) = i f  and o n ly  i f
(1 .1 )  v* (c)u^  -  v*(d)u*^ * 0 f o r  a r b i t r a r y  ( u ( t ) ; v ( t ) )  £  î î^ [a ,b ] .
T h is  i s  a d i r e c t  a p p l ic a t io n  of Theorem I I I . 2 .2 ,  s in c e  (E) to g e th e r  
w ith  th e  boundary c o n d itio n s  u (c )  = 0 = u (d) i s  s e l f - a d j o in t .
L e t 3 (I^ )  be the  s e t  o f a l l  fu n c tio n s  n such th a t
(1 . 2) dn [dN];
where ç i s  any fu n c tio n  w hich i s  in t e g r a b le  w ith  r e s p e c t  to  N. Then we 
have f o r  p £  A [a ,b ] ,
rt
(1 .3 ) - I : p { d n (s) -  [d N (s ) ]ç (s )}  + [dp ]n ( s )
{ p * [d T i ( s ) ]  +  [ d p * ] n ( s ) }  -
f t
p [d N (s ) ] ;( s )
r t
[dp n ( s ) ] .
T h is  r e l a t i o n ,  to g e th e r  w ith  Lemma 1 .1 ,g iv e s  th e  fo llo w in g  r e s u l t .
LEMMA 1 .2 . ^  n s a t i s f i e s  (1 .2 )  f o r  ç ( t ) ,  th e n  f o r  p £ A [a ,b ] th e
fu n c tio n  p * n (t)  c o n s ta n t  on [ a ,b ] .  M oreover, i f  [c ,d ]  C  [ a ,b ]  and c 
and d a re  n o t m u tua lly  c o n ju g a te , th e n  th e re  i s  a s o lu t io n  of (E) 
s a t i s f y i n g  u (c )  = u ^ , u (d )  “  0 , (u (c )  = 0 , u (d ) = u*}, i i  and o n ly  i f  
P*u^= 0 {p*u^ = 0} fo r  a l l  p £ A [c ,d ] .
I f  c i s  a  p o in t  of [ a ,b ]  such  th a t  (E) i s  norm al f o r  every  i n t e r v a l
24
c o n ta in in g  c a s  an end p o in t ,  and Y ( t ,c )  = ( U ( t ,c ) ;V ( t ,c ) )  i s  a  s o lu t io n  
o f (E) s a t i s f y in g  U (c ,c )  = 0 ,  V (c ,c )  = E , then  a v a lu e  d d i s t i n c t  from  c
i s  c o n ju g a te  to  c i f  and o n ly  i f  U (d ,c ) i s  s in g u la r .  M oreover, i f  U (d ,c)
has ran k  r  th e n  th e  o rd e r  o f  d a s  a  co n ju g a te  p o in t to  c i s  n -  r .
I f  [ e , f ] C  [a ,b ]  and d [ e , f ]  > 0 , th en  we can f in d  an n  >< d m a trix
A such th a t  th e  column v e c to r s  form  a  b a s is  f o r  A [ e , f ] .
LEMMA. 1 .3 .  Suppose t h a t  [ e , f  ] C  [ a , b ] , and c ^  p o in t o f  [ e , f  )
such  th a t  d [e ,x ]  = d [ e , f  ] « d f o r  x  £  ( c , f  ] ,  A ^  above , w h ile  R 1^
an n x  (n -  d) m a tr ix  such  th a t  [A r] n o n s in g u la r . L et
Y^Cc) = ( U ^ ( t ) ;V ^ ( t ) ) ,  a = 0 ,1 .2 ,3 ,
be th e  s o lu t io n s  o f (E^) s a t i s f y i n g  th e  r e s p e c t iv e  i n i t i a l  c o n d itio n s
Y ^(e) = (0;A ) Y^(e) = (0;R)
YgCe) = (A;0) Yg(e) = (R ;0 ).
Then v a lu e  t ^  £ ( c , f ] j a  c o n ju g a te  t  = e r e l a t i v e  to  (E) i f  and on ly
i f  one of th e  fo llo w in g  c o n d it io n s  i s  s a t i s f i e d ;
1? U ,( t ,  ) has ra n k  l e s s  th an  n  -  d ;
X X ■ — —  "  " "
2? th e  n x  n m a tr ix  [UgCCi) U ^ (t^ )]  i s  s i n g u la r ;
3? th e  2n x  (2 n -  d) m a tr ix
U ^(e) UgCe) Ug(e)
U i( t i>  UgCti)
has ran k  l e s s  th a n  2n -  d .
In  p a r t i c u l a r , i f  R*A = 0 , th e n  ([UgCt) U ^ ( t) ] ;  [ ^ ^ ( t )  V ^ ^ t) ] )
i s  £  co n jo in ed  b a s is  f o r  (E ) .
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In  o rd e r t o  p rove th e  co n c lu s io n  in v o lv in g  1 ° ,  n o te  t h a t  i f  U ^(t^ ) =
[u ^ ^ ^ (t)  • • •  u^^  ^ ^ ( t ) ]  i s  such t h a t  U ^(t^) has ran k  l e s s  th a n  n - d ,  th e n
th e re  e x i s t  c o n s ta n ts  n o t a l l  z e ro , and such  th a t  u ( t )  =X n—d
s a t i s f i e s  u ( t^ )  ■ 0 . Then u ( t )  Z 0 on [ e , t ^ ] ,  and s in c e
u (e ) « 0 we have th a t  tj^ i s  c o n ju g a te  to  e .  Now i f  tj^ €  ( c , f ]  and
( u ( t ) ; v ( t ) )  i s  any s o lu t io n  o f  (E) s a t i s f y in g  u (e ) » 0 , th e n  th e re  e x i s t
c o n s ta n ts  Ç ,, • • * ,C , and such th a tX n—u X a
" ( c )  = I i% i v ( t )  -  S i v ( l ) ( t )  +
where V (t) ■ [v ^ ^ ^ ( t )  • ••  v^° ^ ^ ( t ) ]  and A « [6^^^ = = • and con­
seq u en tly  i f  t  = t ^  i s  co n ju g a te  to  e then  th e  c o n s ta n ts  ^ i»***»^n-d 
n o t a l l  zero  and  th e  n  x  (n -d ) m a tr ix  U ^(t^ ) must be  s in g u la r .
In  o rd e r t o  p rove th e  c o n c lu s io n  in v o lv in g  c o n d itio n  2 ° ,  n o te  t h a t  
i f  U ^(t^ ) has ra n k  l e s s  th an  n - d ,  th en  th e  n x  n m a tr ix  
[Ü2 ( t i )  i s  s in g u la r .  C onverse ly , I f  [U^Ctj^) -
[ u /^ ) ( t^ )  • • • u ^ ( t ^ ) ]  i s  s in g u la r ,  th en  we can  f in d  c o n s ta n ts  
n o t a l l  z e ro , su ch  th a t  u ( t )  ■ and u ( t^ )  »  0 . By Lemma 1 .1 ,
p * u^^^(t) i s  c o n s ta n t  on [ e , f ]  f o r  a l l  p €  A [e ,f ]  and we can  assume 
A = [p(^^ • • •  i s  such th a t  A*A » E^, so  th a t  u ( e )  » 5^ fo r
i  * l , ' ' " , d .  T hus, m ust b e  ze ro  f o r  i  ■ l ,* * * ,d ,  so  t h a t  U ^(t^ ) has 
rank  l e s s  than  n - d .
In  view o f th e  above, c o n d itio n  3° i s  t r u e  i f  and on ly  i f  U ^ft^) 
has rank  le s s  th a n  n - d .
2 . E ndpoint b e h a v io r  of s o lu t io n s . We s h a l l  now tu rn  ou r a t t e n t i o n  
to  th e  b eh av io r o f s o lu t io n s  o f  (E) in  a  neighborhood o f  an  e n d -p o in t o f
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a non-com pact i n t e r v a l  o f e x is te n c e .  The fo llo w in g  r e s u l t  can  b e  shown 
in  th e  same manne r  a s  in  Reid [6 ,  pp. 315-316].
THEOREM 2 .1 . Suppose t h a t  Y ^(t) = (U ^ ( t) ;V ^ ( t) )  i s  a  s o lu t io n  of 
(Eg) on an in t e r v a l  [ a ,b ] ,  w ith  Uj^(t) n o n -s in g u la r  on [ c ,d ]  C . [ a ,b ]  and 
l e t  S ( t , e |u ^ )  d en o te  th e  m a tr ix  fu n c tio n  d e fin ed  by (3 .6 )  in  th e  s ta te m e n t 
of Theorem I I I . 3 .2 .
( i )  _IÉ ® ^  [ c ,d ]  i s  such  t h a t  (E) i s  norm al on ev ery  sub i n t e r v a l  
o f [ c ,d ]  w ith  e  ^  ^  e n d -p o in t , and t^  £  [c ,d ]  and d i s t i n c t  from  e th en  
S (t^ ,e |u ^ ) s in g u la r  i f  and o n ly  i f  t^  co n ju g a te  to  e ,  r e l a t i v e  to  (E ) .
( i i )  I f  I  ^  open i n t e r v a l  (a ^ ,6 ^ ) ,  ( - “  < a^ < b^  < + “ ) ,  on w hich 
(E) id e n t i c a l l y  n o rm al, w h ile  (E) ^  d lsc o n ju g a te  on a  sub i n t e r v a l  
Ig  = (Cg^bg) of I  and Y ^ (t)  -  (U ^ ( t) ;V ^ ( t) )  i s  a  s o lu t io n  o f (E^) w ith  
U ^(t) n o n s in g u la r  on 1 ^ , th e n  f o r  c £  th e  m a tr ix  S ( t , c |  u^) non­
s in g u la r  f o r  t  £  I  , t  ^ c . M oreover, i f  th e re  e x i s t s  a  c £ I  such th a t—— o —^—1—  — —  " — o ' '
S ^ ( t , c |  LL) + 0 a s  t  ^  b , th e n  S ^ ( t , b |  U, ) ->• 0 as t  ->■ b f o r  a l l  b £  I  .
X —  o ——— — X —  o — — — ~  o
C onclusion ( i i )  o f  Theorem 2 .1  im p lie s  th a t  i f  (E) i s  i d e n t i c a l l y  
norm al on an  i n t e r v a l  (c^xd^) and d lsc o n ju g a te  on (e^ jd ^ ) w ith  U ^ (t)  non­
s in g u la r  on (e ^ ,d g ) C  (eg ,d g ) and S ^ X t,e |u ^ )  ^  0 as t  ^  d^ f o r  some
e £  ( e ^ ,d g ) ,  th e n  S ^ ( t , e |u ^ )  -» 0 a s  t  ^  d^ f o r  a l l  e £  (e^^jd^). We
s h a l l  c a l l  such a  s o lu t io n  a  p r in c ip a l  s o lu tio n  a f t e r  Reid [6] and 
Hartman [1 ] . In  th e  same manner a s  i s  employed by Reid [6 ; pp . 316-317], 
we may o b ta in  th e  fo llo w in g  r e s u l t  about p r in c ip a l  s o lu t io n s .
THEOREM 2 .2 . Suppose t h a t  (E) i s  id e n t ic a l ly  norm al on an  open 
i n t e r v a l  I  = ( a ^ .b ^ ) ,  (-«> < a^ < b^  < + » ) .  I f  (E) i s  d ls c o n ju g a te  on a 
sub in t e r v a l  I  ■ (c ,b  ) o f I ,  th e n  a  s o lu tio n  Y, ( t )  = (U, ( t )  ;V, ( t ) )  of——— — O O O —  ' — — — X X X  —
(Eg) l a  _a p r in c ip a l  s o lu t io n  o f (Eg) ^  b^ i f  U ^(t) ^  n o n s in g u la r  on
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some s u b In te rv a l  IfY ^} = (c ^ ,b ^ )  o£ I ,  and th e re  e x i s t s  ^  s o lu t io n
^ 2 (1) "  (U2 ( t ) ;V 2 ( t ) )  o f (E^) w ith  U .C t) n o n s ln g u la r  on some sub I n te r v a l
I{Ya) -  (c * ,b  ) ,  and  such t h a t  f o r  some c 6 ( c , ,b  )6 6 0 ■ ■ —  ——  J, O
(2 .1 )  Ü2^ ( t ) ü ^ ( t ) T ( t , c lu ^ )  ->• 0 as  t  b ^ ;
m oreover. ^^2*^2^^1*^1^ ^  n o n s ln g u la r  f o r  any such Y^. C o n v erse ly . I f  
(E) I s  d is c o n lu g a te  on a sub I n te r v a l  ( c ^ ,b ^ ) ,  and Y ^ (t)  = (U ^ ( t) ;V ^ ( t) )
I s  a  p r in c ip a l  s o lu t io n  w ith  U ^(t) n o n s in g u la r  on (c ^ ^ b ^ ) , th e n  any 
s o lu t io n  Y2 ( t )  = (U2, ( t ) ;V 2 ( t ) )  o f (E^> w ith  n o n s in g u la r  i s
such t h a t  Ü2 ( t )  i s  n o n s in g u la r  on some sub i n t e r v a l  (Cg^fb^) aad (2 .1 )  
h o ld s  f o r  a r b i t r a r y  c 6  (c ^ .b ^ ^ .
3 . The R ic c a t i  e q u a t io n . In  t h i s  s e c t io n  we w i l l  assume t h a t  M and
N s a t i s f y  h y p o th e s is  H^. Under t h i s  assum ption , we w ish  to  s tn d y  th e  
r e l a t io n s h ip  o f s o lu t io n s  o f  (E) and s o lu t io n s  o f  th e  co rresp o n d in g  
R ic c a t i  e q u a tio n ,
(3 .1 )  J i m  5 dW +
a
t
W[dN]W -
a
t
dM » 0.
a
The b a s ic  r e l a t io n s h ip  i s  g iv e n  by th e  fo llo w in g  r e s u l t  w hich can  b e  shown 
by d i r e c t  s u b s t i t u t i o n .
THEOREM 3 .1 . T here i s  a s o lu t io n  Y ^(t) = (U ^ ( t) ;V ^ ( t) )  o f  (E) on
an I n te r v a l  (a ^ ,b ^ )  w ith  U ^(t)  n o n -s in g u la r  on th i s  i n t e r v a l  i f  and on ly
i f  th e re  i s  a  s o lu t io n  W = W ^(t) ^  (3 .1 )  on (a ^ ,b ^ )  w ith  W ^(t) *
V ^ ( t)U ^ ^ ( t) .  M oreover. U * U^^(t) i s  a  fundam ental m a tr ix  s o lu t io n  o f  th e
m a tr ix  e q u a tio n
(3 .2 )
t
dU
a
t
[dK]WO.
a
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For W ,( t) ,  a  s o lu t io n  o f  (3 .1 )  on (a  ,b ) and c €  (a  ,b  ) ,  l e t  us 1 0 o o o
ta k e  H = H (t,c |w ^ )  and G = G(t,c|W j^) to  be s o lu t io n s  o f  th e  r e s p e c t iv e  
system s
(3 .3 )
t  f t
[dH] + H[dN]W. -  0 , H(c) -  E, 
c J c
(3 .4 )
' t  f t
[dG] +  J  W^[d»]G -  0 ,  G(c) -  E.
We may o b ta in  e x is te n c e  and un iq u en ess  o f  s o lu t io n s  o f ( 3 .2 ) ,  ( 3 .3 ) ,  and
(3 .4 )  in  a  mann e r  s im i la r  to  th e  p ro o fs  o f Theorems 1 1 .1 .1  and I I . 2 .1 .  
Thus, th e  s o lu t io n s  U, H, and G o f th e s e  system s a re  c o n tin u o u s , o f  
bounded v a r i a t i o n ,  and n o n s in g u la r  on (a ^ ,b ^ ) . I f  W ^(t) » V ^ ( t)U ^ ^ ( t) , 
th e n  H (t) = U ^(c)U ^^(t) and we have th a t
(3 .5 ) W* -
(3 .6 ) [dG] + W*[dN]G [W  ^ -W^][dN]G.
L et G (t,c |w ^ )  « H * (t,c |W ^ )P ( t,c |w ^ )  and s u b s t i tu t e  t h i s  in to  (3 .6 ) .  
we g e t
Then
(3 .7 )
so th a t
(3 .8 )
[ [dH*P] + W*[dN]G -  - [  U * " ^ " ^ [d N ]G ,
 ^C.  ^r  J n
j H*[dP] - [dN]H*P,
and co n seq u en tly
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U*H*[dP]U*"l(c) -  -j KU"^[dN]H*PDj” ^ ( c ) .
S im p lify in g , we o b ta in  
r t
(3 .9 ) U * (c ) [d P ]u f^ ( c )  -  -I K U " ^ [d N ]ü J " ^ J (c )P ü p ^ (c ) .
I f  we l e t  F (t,c |W ^ ) = F = U ^(c)P (t,c |W ^)U * ^ (c )  we have th a t  F s a t i s f i e s
th e  system  
(3 .10) Kü"^[dN]ü*” ^F, F (c ) -  E.
We have th a t  K ■ -K and by  th e  d e f in i t i o n  o f  T ( t ,c |U ^ )  in  th e  s ta te m e n t
o f Theorem I I I . 3 .2  we have
i: dT
so  th a t
- f [dT*"^3J ,
T*KU"^jdN]u2"l
and th i s  im p lie s  F ( t ,c |w ^ )  = T*” ^ ( t , c |u ^ ) . Thus
(3 .11) G ( t,c |w ^ )  » H * ( t ,c |w ^ ) u J " ^ ( c ) T * " ^ ( t ,c |u p u * ( c ) ,
I f  the  m a tr ix  fu n c tio n  Z ( t ,c |w ^ )  i s  d e f in e d  as
(3 .1 2 ) Z (t,c |W ^ ) -  H[dN]G,
we f in d  th a t
(3 .13 ) Z ( t , c | w p  -  Uj^(c)S*(t,c|Uj^)U^(c),
where S ( t ,c |u ^ )  i s  as  d e f in e d  in  th e  s ta te m e n t o f  Theorem I I I . 3 .2 .
Using th e  r e s u l t s  developed  above we can o b ta in  th e  fo llo w in g  r e s u l t .
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LEMMA 3 .1 . 2 É  i s  a  s o lu tio n  o f  (3 .1 )  on ( a ^ ,b ^ ) , th en  W(t)
i s  a  s o lu t io n  o f (3 .1 )  on (a  ,b ) i f  and o n ly  i f  th e  c o n s ta n t  m a trix  
r  = W(c) -  W^(c) such th a t  E + Z (t ,c |w ^)r  n o n s in g u la r  on (a^ ,b^ ) 
and
(3 .14 ) W(t) = W^(t) + G(t,c |w^)r[E + z ( t , c l w ^ ) r ] ’ ^ ( t , c | w ^ ) .
We have th a t  i f  W and a re  n x  n  m a tr ix  fu n c tio n s  w hich a re  of
bounded v a r i a t i o n ,  th e n
(3 .1 5 ) ^ W ]  -  JÏW ^] dW + Y[dN]W^ +
t  f t
W^[dN]Y +  J  Y[dN]Y,
where Y (t) = W (t) -  W ^(t). Suppose [W^ ]^ = 0 . Now, i f  Q (t)  i s  d efined  
by
Y(t) -  G(t , c |W^)Q(t)H(t,c |w^) ,  
th en  Q i s  o f bounded v a r i a t io n  and
I dY d[GQH]
W^[dN]W + 2 W^[dN]W^ + j G[dQ]H -  [ W[dN]W^.
I t  th e n  fo llo w s  th a t  [W] = 0 i f  and o n ly  i f
G[dQ]H -  - [W -W ^][dN][W -W ^],
o r ,  e q u iv a le n t ly ,  i f  and on ly  i f  Q s a t i s f i e s  th e  e q u a tio n  
(3 .1 6 ) j  dQ = - j  QH[dN]GQ, Q(c) -  W(c) -  W^(c) -  F.
I f  Q ^(t) i s  d e f in e d  by
(3 .17) Q l( t )  = Q(t)[E +  Z(t ,c |W^)r] -  r
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th e n  Qj^(c) = 0 and
t
d { Q (t)[E  + z(t,clWj^)r] -  r}
QH[dN]GQ^.
c
Thus i s  a  s o lu t io n  o f
(3 .1 8 )
t
dQ = -
c
QH[dN]GQ^, Q^(c) = 0 ,
w hich im p lie s  Q ^(t) = 0 .
Suppose n i s  an  n -d im e n s io n a l v e c to r  such  th a t  [E + Z ( t,c |W ^ )r]n  = 0 . 
As Q ^(t) = 0 we have Q ^(t)n  = 0 so th a t  Tri = 0 and th e re fo re  n = 0 . This 
im p lie s  E + Z ( t ,c |w ^ ) r  i s  n o n s in g u la r» and th u s  (3 .14 ) h o ld s .
I f  r i s  such th a t  E + Z (t ,c ]w ^)r  i s  n o n s in g u la r  on ( a ^ ,b ^ ) ,  we can 
l e t  Q (t)  = r[E + Z ( t ,c |W ^ )r ]  ^ and th u s  Q (t) s a t i s f i e s  (3 .1 6 ) .
I f  W ^(t) i s  a  s o lu t io n  o f (3 .1 )  such  th a t  Z ^ ( t ,c |w ^ )  -»■ 0 a s  t  ->■ 
f o r  some c €. (a ^ ,b ^ ) ,w e  s h a l l  sa y  W ^(t) i s  a  d is t in g u is h e d  s o lu t io n  o f
(3 .1 )  ^  b ^ . The concep t o f  a  d is t in g u is h e d  s o lu t io n  o f  (3 .1 )  a t  a^ i s  
d e f in e d  in  a  s im i la r  fa s h io n .
I f  (E) i s  an id e n t i c a l l y  norm al system , we may o b ta in  r e s u l t s  s im i la r  
to  th o s e  o f R eid [5] co n ce rn in g  th e  r e la t io n s h ip  o f  d is t in g u is h e d  so lu ­
t i o n s  o f  (3 .1 )  and p r in c ip a l  s o lu t io n s  o f (E). M oreover, a  method f o r  
o b ta in in g  a  p r in c ip a l  s o lu t io n ,  o r  a  d is t in g u is h e d  s o lu t io n ,  may be 
d em o n stra ted  i n  a  fa s h io n  e n t i r e l y  analogous to  th a t  used f o r  d i f f e r e n t i a l  
e q u a t io n s .
CHAPTER V
AN ASSOCIATED FUNCTIONAL
1 . D e f in i t io n s . In  t h i s  c h a p te r  we s h a l l  assume th a t  M and N 
s a t i s f y  Let us ta k e  th e  fo llo w in g  s e t s  ;
i^ [a ,b ]  *  { ç |ç  i s  an n -d im en s io n a l v e c to r  fu n c tio n  w hich i s  
in te g r a b le  w ith  r e s p e c t  to  N};
J31a,b] = {n I th e r e  e x i s t s  a fu n c tio n  j[ ,  [ a ,b ]  such t h a t  
L g E n ,;] » 0 } ,
w here [ a ,b ]  i s  a compact in t e r v a l  and
(1 .1 )  L g ln ,; ]  * dn -  [dN ]ç.
The r e l a t io n s h ip  betw een n and ç w i l l  be  in d ic a te d  by n€ [ a ,b ] : ç .
I f  [ a ,b ]  x  ju  [ a ,b ] ,  (o = 1 ,2 ) , l e t
d e n o te  th e  f u n c t io n a l  d e f in e d  by
rb * fb *
(1.2) J[nj^:Çj^,n2ÎÇ2»^»^î ”  ^ j
I f  M and N s a t i s f y  H^, th en  (1 .2 )  d e f in e s  an h e rm itia n  form  on
J b [ a ,b ]  X [ a ,b ] ;  t h a t  i s ,  i f  (%%;(%)€ J9 [a ,b ]  x  i . [ a , b ] ,  (a » 1 ,2 ,3 ) ,
th e n
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b ) “  c J [n ^ :G ^ ,n 2 :C 2 :* 'b ] ,
c) J [n ^  +
* 3 ® ^  J [ ^ ^ 2 * ^ 2 * ^ 3 * ^ 3  ^*
In  g e n e ra l ,  f o r  a  g iven n th e  co rresp o n d in g  v e c to r  fu n c tio n  ç i s  
n o t u n iq u e . However, the  v a lu e  o f (1 .2 )  i s  independen t o f  th e  c h o ic e  o f 
Ç s a t i s f y i n g  ti€  JO [a ,b ] :%  fo r  t h i s  re a so n , we s h a l l  w r i te  (1 .1 )  as
(1 .3 ) J[n j . n j i a . b ]  . Ç ,[d N ]î, +
A lso , f o r  b r e v i ty  we w r i te  J [ iij^ ;a ,b ]  f o r  J [n j^ ,ilj^ ;a ,b ]. 
I f  we l e t
Lj^tn.ç] = -dç +  [dM]n,
th e  fo llo w in g  r e s u l t  i s  a ready  consequence o f  th e  above d e f in i t i o n s .  
LEMMA 1 .1 .  ^  n ^ C  J O [ a ,b ] :ç ^ ,  (a  ■ 1 ,2 ) ,  th en
( 1 .4 ') “  n24^
(1 .4 " ) J [ n ^ ;a ,b ]  *
(1 .4 " ') -  ^2 ^1}
From t h i s  we se e  th a t  i f  t^ ^ ,t2 €  [ a ,b ]  a re  co n ju g a te  and (u ;v )  i s  a  
s o lu t io n  o f (E) w ith  u ( t^ )  ■ 0 ■ u ( t 2) and u Z 0 on [ t ^ , t 2 ] ,  th en  
( n ( t ) ; ç ( t ) )  d e f in e d  by ( u ( t ) ; v ( t ) )  on [ t j ^ , t2] and id e n t i c a l ly  ze ro
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e lse w h e re , a re  fu n c tio n s  such th a t  n €  ^ [a ,b ]  and (1 .4 " )  im p lie s
J [ n ;a ,b ]  •  J [ u ; t ^ , t 2] ■ 0 .
Thus we have th e  fo llo w in g  r e s u l t .
COROLLARY 1 .1 . There a re  no p o in t s  t ^ . t g  €  [a ,b ]  w hich a re  c o n ju g a te
i f  th e  o n ly  n £  ^ ^ [ a , b ]  such th a t  J [ n ; a ,b ]  » 0 i s  n ( t )  = 0 .
theo rem  1 .1 .  ^  u ^  co n tin u o u s  and o f bounded v a r ia t io n  on [ a , b ] , 
th e n  th e r e  e x i s t s  £  v such th a t  (u ;v )  ^  a  s o lu t io n  o f  (E) on [ a ,b ]  i f  
and o n ly  i f  th e re  e x i s t s  a^  [ a ,b ]  such  th a t  u £  J ^ [ a , b ]  :v^  and
(1 .5 )  J [ u :v ^ ,n :S ;a ,b ]  - 0  f o r  a l l  n £ £ J ^ [ a , b ] .
I f  (u ;v )  i s  a  s o lu t io n  o f  (E) on [ a ,b ]  and n 6  j 3 g [ a , b ] , th e n  
u 6  0 [ a , b ] : v  and (1 .5 )  i s  a consequence o f  ( 1 .4 ')  f o r  (t1j^;Çj )^ “  ( u ;v ) .
On th e  o th e r  hand, suppose u £  J3 ^ [a ,b ] ;v ^  and (1 .5 )  h o ld s .  I f  v ^ ( t )  
i s  a  s o lu t io n  o f  th e  eq u a tio n
(1. 6 )
th e n  (1 .5 )  becomes
dv + 
a  °
t
[dM]u = 0 ,
a
•b
{[dn*]v^ +  n*[dv^]}  « 0 .
But 
we have
{[dn*]v^  + n*[dv^]} « I  [dn*v^] ■ 0 s in c e  n €  j [ ) g [ a ,b ] , so  th a t
(1 .7 )  I C*[dH][v^ -  v^] « 0 ,  i f  ç £  IL  [a»b] and
 ^a
By a  w e ll  known r e s u l t  o f  f u n c t io n a l  a n a ly s i s  ( s e e ,  f o r  exam ple, T ay lo r
b *
Ç [dN] » 0 .
a
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[7 , p . 1 3 8 ]) , I f  we r e s t r i c t  S t o  be  a  con tinuous fu n c t io n ,  we have 
th a t  th e re  e x i s t s  a  c o n s ta n t v e c to r  X such  th a t
T hat i s ,  we have th a t *Ç d{J [dN ][v^ -  v^  -  X]} « 0 ,  f o r  ç an  a r b i t r a r y
* r  *Ç IdN ][v^ -  V ] ■ Ç [dN]X, f o r  ç co n tin u o u s .
a
"b
a J a
co n tin u o u s v e c to r  fu n c tio n , and co n seq u en tly  [ [dN ][v, -  v  -  X] = 0 on
Ja  1 o
[ a ,b ] .  I f  v ( t )  = V ( t )  + X, th e n  s in c e  [ dv ■ [ dv , we have th a t
°  Ja °  Ja
f t  f t
dv = [dM]u, t  £  [ a ,b ]  and u €. J j  [ a ,b ]  :v ,  so  th a t  (u ;v )  i s  a  s o lu t io n
J a  Ja
o f (E ).
COROLLARY 1 .2 . ^  J [ n ;a ,b ]  i s  n o n -n eg a tiv e  d e f i n i t e  on £ T ^ [a ,b ] .
and u  ^  m  elem ent o f  j[f^ [a ,b ] s a t i s f y i n g  J [ u ;a ,b ]  ■ 0 ,  th e n  th e r e  e x i s t s  
_a V £  BV[a,b] such t h a t  (u ;v ) ^  ^  s o lu t io n  o f (E) on [ a , b ] . I n  p a r t i c u ­
l a r , i f  u ( t )  Z 0 ,  a  and b a re  c o n ju g a te .
I f  n€r ^ ^ [ a , b ] ,  we have t h a t  u + on £  < 0 ^ [a ;b ]  f o r  a r b i t r a r y  a ,  so
th a t
0 < J [ u  + a n ; a , b ]
= J [ u ;a ,b ]  +  ô J [ u ,n ; a ,b ]  +  a J [ n ,u ; a ,b ]  +  |o ^ | j [ n ; a , b ] .
As J [ u ;a ,b ]  = 0 ,  we can  make th e  r ig h t-h a n d  s id e  n e g a tiv e  u n le s s  
J [ u ,n ; a ,b ]  « 0 . Thus J [ u ,n ; a ,b ]  = 0 f o r  a l l  n €  £^Q[^^b].
COROLLARY 1 .3 . ^  J [ n ;a ,b ]  I s  n o n -n e g a tiv e  d e f in i t e  on J0f^[a,b] and 
(u ;v )  Jæ a s o lu t io n  o f  (E ), w h ile  u ^ £  J2> [a ,b ]  w ith  Ug(a) -  u ( a ) , 
u^ (b ) » u ( b ) ,  th en  J [ u ^ ; a ,b ]  > J [ u ; a ,b ] ;  m oreover. ^  J [ n ; a ,b ]  i s  p o s i t iv e  
d e f in i t e  on £ J ^ [a ,b )  th e  in e q u a l i ty  h o ld s  w ith  e q u a l i ty  o n ly  i f  u ^ ( t )  = u ( t ) ,
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P re lim in a ry  to  th e  s tu d y  o f n e c e ssa ry  and s u f f i c i e n t  c o n d itio n s  f o r  
th e  system  (E) to  b e  d isco n  ju g a te  on a  sub I n te r v a l  o f [ a ,b ] ,  th e  fo llo w ­
in g  r e s u l t  w i l l  be s t a t e d  w ith o u t p ro o f ,  a s  i t  may be e s ta b l is h e d  by 
d i r e c t  s u b s t i t u t i o n .
LEMMA 1 .2 .  Suppose th a t  U ( t ) , V ( t)  a re  n x  r  m a tr ix  fu n c tio n s  o f  
bounded v a r i a t io n  on [a ,b ]  w ith  Ü co n tin u o u s . I f  n i s  co n tin u o u s and 
o f bounded v a r i a t i o n . X , [ a ,b ] ,  f o r  o » 1 ,2 ,  and th e re  e x i s t s  an  
r -d im e n s io h a l v e c to r  fu n c tio n  h ^ ( t ) , such  th a t  h^ ^  o f bounded v a r i a t i o n  
and co n tin u o u s  on [ a ,b ]  w h ile  n ^ ( t )  = U ( t ) h ^ ( t ) ,  th e n  on t h i s  i n t e r v a l  we 
have th e  id e n t i t y
t * * f t  *
{ C g t d N l C i  +  H g t d M l n ^ }  -  I  { [ S g  -  V h g ]  [ d N ] [ ç ^  -  V h ^ ]
 ^a
-  h*V *L2lni.C i] -  a 2 tn 2 » ? 2 ^ ^ * ^ l
+  h*(V*L2tU.V] +  u \ [ U ,V ] ) h ^
-  h2[U*V -  V*U][dh^] + d[h*U Vh^]}
COROLLARY 1 .4 . I f  th e  column v e c to rs  o f  Y (t)  ■ (U ( t) ;V ( t) )  form a 
b a s is  f o r  an r -d im en s io n a l co n jo in ed  fa m ily  o f  s o lu t io n s  o f (E ) , w h ile  
n € « 0 [a ,b ] ;ç  and th e r e  e x i s t s  a  fu n c tio n  h ( t )  w hich i s  co n tin u o u s and o f 
bounded v a r i a t io n  such  th a t  n ( t )  ■ U ( t ) h ( t )  f o r  t  £  [ a , b ] , then
* |bJ [ n ; a ,b ]  = n Vhjg +
b *
[Ç -  V h]*[dN][ç -  Vh].
THEOREM 1 .2 . I f  J [ n ;a ,b ]  i s  n o n -n e g a tiv e  d e f i n i t e  on j3 ^ [ a ,b ] , th e n  
N (t)  ^  _a n o n -d e c re a s in g  f u n c t io n .
Suppose N i s  n o t  n o n -d e c re a s in g . Then th e re  e x i s t s  an i n t e r v a l  [ c ,d ]
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and a  v e c to r  Ç, w ith  \ i \  « 1 , and such t h a t  Ç [N(d) -  N(c)]Ç
à *
C [dN]Ç < 0 . A lso , th e r e  e x i s t s  a  k ,  > 0 such th a t  
c i
(1.8) Ç [dN]Ç -  - k ^ v [ c ,d ] .
where v [c ,d ]  i s  th e  v a r i a t i o n  fu n c tio n  h^  o f  N as d e f in e d  by I I . 1 .1 .
For any 6 > 0 th e re  must e x i s t  an i n t e r v a l  [ e , f ] C  [c ,d ]  w ith  | e - f |  < 6,  
and such th a t
►f
Ç*[dN]Ç « - k * v [ e , f ]  < - k ^ v [ e , f ] ,  k* > kj^.
I f  n o t ,  th e re  i s  a  6 > 0 , su ch  t h a t  any i n t e r v a l  [ e , f  ] C  [ c ,d ]  w ith  
|e  -  f |  < 6  i s  such  th a t  |  Ç*[dN]Ç > - k ^ v [ e , f ] .  We can p a r t i t i o n  [c ,d ]  
in to  a  f i n i t e  number o f  n o n -o v e rla p p in g  in t e r v a l s  [ e ^ , f ^ ] ,  w ith  
|e ^  -  f^ l < 6  and such  t h a t C / ^ [ e ^ , f = [ c ,d ] .  Then
d r ^ i
Ç [dN]Ç = Ç [dN]Ç > I ^ ( - k ^ v [ e ^ ,f ^ ] )  » - k ^ v [ c ,d ] ,
c e^
a  c o n t ra d i t io n  to  ( 1 .8 ) .
L et m be th e  f i r s t  p o s i t i v e  in te g e r  such  th a t  2™ > n , and [c ,d ]  an 
in t e r v a l  such th a t  (1 .8 )  h o ld s  and
(1 .9 ) v [ c .d ]  < k^ /(2"v [M ])
w here V[M] i s  th e  v a r i a t i o n  o f  M on [ a ,b ] .  In  p a r t i c u l a r ,  [ c ,d ]  may be
chosen to  s a t i s f y  (1 .9 )  s in c e  v i s  co n tin u o u s  on [ a ,b ] .  I f  we c o n s id e r
f t  * fd *
th e  fu n c tio n s  J Ç [dN]Ç and J Ç [dN ]$, th e n  th e re  e x i s t s  a  g €  (c»d)
Ç*[dN]Ç ■ -k j^ v [c ,d ] /2 .  The in t e r v a l s  [c ,g ]such th a t
fg
Ç*[dN]Ç
•'c
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and [g ,d ]  may th e n  be su b d iv id ed  In  th e  same m anner, u n t i l  t h i s  o p e ra tio n
h as been  re p e a te d  m tim e s . There I s  th u s  o b ta in e d  a  p a r t i t i o n  o f [ c ,d ] ,
c * t^  < t .  < • • •  < t_  * d such th a t  0 1 2m
(1 . 10) . - _m
’^ 1
Ç [dN]Ç -  -k .v[c ,d ]/2“ 1 -  1 ,* “ ,2“ .
Then, I f  t  ] ^  th e  c h a r a c t e r i s t i c  fu n c tio n  o f  we
d e f in e  n ( t )  » [ [dN]Ç<|), w here * ( t )  -  L  c ,X r»  ^ , ( t )  w ith  th e  c .
J c ^ ^ 1—1 * 1
chosen so  th a t  “ 1 and n (d ) ■ 0 . I f  u ( t )  ■ n ( t )  f o r  t  £  [c ,d ]
and ze ro  e lse w h e re , th e n  we have th a t  u I s  such  th a t  u ( t ) £  J ^ ^ [ a ,b ]  :Ç(j>. 
M oreover, | n ( t ) |  <
o '
t  f t
[ d v ( s ) l  |ç |  |<j>(s)| < d v (s )  •  v [ c , t ] ,  so  th a t
r  Jc
r  *5*[dN]S* +  P  n*[dM]n < c / ( - k . v [ c , d ] / 2 “ ) + (v [ c ,d ] )^ [M ]  < 0 ,
J a J a ^
In  view o f ( 1 .9 ) .  C onsequen tly , th e  assum ption  th a t  N I s  n o t non­
d e c re a s in g  has  le d  to  a  c o n t ra d ic t io n  o f th e  n o n -n e g a tiv e  d e f in i te n e s s  
of J.
In  th e  same manner a s  Reid [6 , pp. 326 -3 2 8 ], th e  fo llo w in g  r e s u l t  
can be e s ta b l i s h e d .
THEOREM 1 .3 .  Suppose J [ n ;a ,b ]  I s  p o s i t i v e  d e f i n i t e  on j g ^ [ a ,b ] .
I f  d [a ,b ]  ■ d , A ^  _a b a s i s  f o r  A [a ,b ] w ith  A*A ■ E^, and R m  
n X (n -d ) m a tr ix  such  th a t  R*A « 0 and [A R] = 0 .Is  n o n s ln g u la r . then  
th e re  e x i s t s  a  un ique s o lu t io n  ( t )  -  (U ^ ( t) ;V ^ ( t) )  o f  (E^_^) such th a t
(1 .11 ) Uy(a) -  R, U^(b) -  0 ,  V*(a)A -  0 .
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The column v e c to r s  o f  ( t )  form a b a s i s  f o r  a  c o n jo in e d  fa m ily  o f  so lu ­
t io n s  o f  (E) o f  d im ension n - d ,  and i f  Y ^(t) » (U ^ (t) ;  V ^ ( t) )  ^  _a 
second s o lu t io n  o f  (E ,)  whose column v e c to r s  form  a  b a s is  f o r  a  con- 
jo in ed  fam ily  o f  s o lu t io n s  o f  (E) o f  dim ension n - d ,  and s a t i s f y i n g
(1 .12) U ^(a) -  R, V*(a)A » 0 ,  U *(a)V ^(a) > H ^(a)V ^(a),
then  U ^(t) ^  o f  ran k  n -  d on [ a ,b ] . M oreover, i f  YgCt) ■ (Ü2 ( t ) ;V 2 ( t ) )  
i s  th e  s o lu t io n  o f  (E^) s a t i s f y in g  th e  i n i t i a l  c o n d it io n s  O^Ca) -  A,
V^Ca) ■ 0 , th en
Y (t)  » C[U2(t) U ^ ( t) ] ; [V 2 ( t )  V ^ ( t ) l )  -  ( U ( t) ;V ( t) )
i s  a co n jo in ed  b a s i s  f o r  (E) w ith  U (t)  n o n s in g u la r  on [ a , b ] .
THEOREM 1 .4 .  The form  J [ n ;a ,b ]  i s  p o s i t iv e  d e f i n i t e  on ^ ^ [ a , b ]  i f  
and o n ly  i f  N ( t)  i s  a  n o n -d ec rea s in g  m a tr ix  fu n c t io n  on [ a ,b ]  and th e re  
e x i s t s  _a c o n jo in e d  b a s i s  Y (t)  » (U ( t ) ;V ( t ) )  f o r  (E) w ith  Ü n o n s ln g u la r  on 
[ a ,b ] .
S ince  J [n  ; a ,b ]  i s  p o s i t iv e  d e f i n i t e  on & ^ [ a , h ] .  Theorems 1 .2  and
1.3  im ply th a t  N ( t)  i s  n o n -d ec rea s in g  on [ a ,b ] ,  and  th e  e x is te n c e  o f a 
con jo ined  b a s is  Y (t)  ■ (U (t) ;V (t)>  w ith  U (t) n o n s in g u la r  on [ a ,b ] .  Con­
v e r s e ly ,  i f  such  a  b a s i s  e x i s t s ,  th e n  in  view o f Lemma 1 .2  we have fo r  
n € ^ Q [ a , b ] : ;  t h a t
J t n ; a , b ]  » f  I? -  Vh]*[dN][ç -  Vh],
""a
w ith  h ( t )  "  U ^ ( t ) n ( t ) .  But N b e in g  a n o n -d e c re a s in g  h e rm itia n  m a tr ix  
fu n c tio n  im p lie s  th a t
K(a;a ,b] ■ f o*[dN]a 
^a
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I s  a n o n -n eg a tiv e  d e f in i t e 'h e r m i t i a n  form on th e  v e c to r  space  o f  fu n c­
tio n s  a w hich a r e  N - in te g ra b le .  Thus, i f
f.[ ;  -  V h]*[dN][ç -  Vh] -  0
we must have
t
[dN ][ç -  Vh] B G f o r  t  €  [ a ,b ] .
a
As LgCn.S] “  0 and L2[U,V] * 0 ,  i t  fo llo w s  th a t
1! -1! [dN ][ç -  Vh] = 0.'a
rt ft
Udh = 0 im p lie s  j dh 5 0 ,  and th e  c o n d it io n  n (a )  « 0A lso , s in c e
Ja
im p lie s  t h a t  h (a )  » 0 , i t  fo llo w s  th a t  h ( t )  = 0 ,  and n ( t )  = 0 . Con­
se q u e n tly , J [ n ;a ,b ]  i s  p o s i t iv e  d e f i n i t e  o n © ^ [ a , b ] .
THEOREM 1 .5 . The form  J [ n ;a ,b ]  ^  p o s i t i v e  d e f i n i t e  on ^ g i a , b ]  i f  
and on ly  i f  N (t)  i s  n o n -d ec rea s in g  on [ a ,b ]  and th e re  i s  no p o in t 
t^  € (a ,b ]  c o n ju g a te  to  a .
C o ro lla ry  1 .1  and Theorem 1 .2  im ply (E) i s  d ls c o n ju g a te  and N (t)  
i s  n o n -d ec rea sin g  w henever J [ n :a ,b ]  i s  p o s i t i v e  d e f i n i t e  on jS ^ [ a ,b ] .
C onversely , suppose N (t)  i s  n o n -d ec rea s in g  and a  has no c o n ju g a te  
p o in t on ( a ,b ] .  L e t c ■ s u p { t€  [ a ,b ] : J [ n ; a , t ]  i s  p o s i t i v e  d e f i n i t e  on 
jg ^ [ a , t ] } .  We know c > a s in c e ,  i f  we ta k e  ( U ( t ) ;V ( t ) )  th e  s o lu t io n  of 
(Ejj) such  th a t  (U (a );V (a ))  -  (E ;0 ) , we have U i s  n o n s in g u la r  on some 
nondegenerate  sub in t e r v a l  [ a , t ] ,  and Theorem 1 .4  im p lie s  th a t  J [ n ; a , t ]  
i s  p o s i t iv e  d e f i n i t e  o n ^ a , t ] .  We w i l l  f i r s t  show t h a t  J [ n ; a , c ]  i s  non­
n e g a tiv e  d e f in i t e  on J 0 p [ a ,c ] .  Suppose J0
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Y^(c) = (U ^ ( t) ;V ^ ( t) )  be such  th a t  (U ^(c );V ^ (c )) = (E ;0 ) ;  a l s o ,  fo r
= 11m d [ t , c ] ,  l e t  e .  > 0 be  such  th a t  0 < e .  < c -  a ,  d [c  -  ,c ]  = d^
t-*-c ^
and U ,( t )  i s  n o n s in g u la r  on [c  -  e , , c ] .  L e t A be such th a t  6 A = E , , and
A i s  a  b a s i s  f o r  A[c -  E ^ ,c ] ;  m oreover, l e t  be such t h a t  0 < < E^,
w ith  d [c  -  E ^ ,c  -  E^] = d^. C o ro lla ry  1 .1  and Theorem 1 .4  im ply th a t  (E)
i s  d lsc o n ju g a te  on [c -  e ^ , c ] .  A lso , Lemma IV .1 .2  im p lie s  th a t  f o r  any
£ s a t i s f y i n g  0 < e < e^ th e re  e x i s t s  a  s o lu t io n  ( u ^ ( t ) ; v ° ( t ) )  o f  (E)
s a t i s f y in g
u ^ ( c  -  £ ^ )  -  n ( c  -  E ^ ) ,  u ^ ( c  -  e )  ■  0 .
The g e n e ra l form o f  v ^ ( t )  i s  v ° ( t )  + Ay w here y i s  a  d -d im en sio n a l c o n s ta n t 
v e c to r .  Thus, th e re  i s  un ique  s o lu t io n  s a t i s f y i n g  A *v^(c) ■ 0 . M oreover, 
s in c e  th e  m a tr ix  i n  c r i t e r i o n  3° o f Lemma IV .1 .3  has  ra n k  2n-d and 
encom passes a l l  s o lu t io n s  w ith  A*v(c) ■ 0 ,  we have th a t  ( u ^ ( t ) ;v ^ ( t ) )  
tends  to  (u ^ ( t )  u n ifo rm ly  on [c  — £ ^ ,c j  a s  e 0 . For 0 ^ e i
d e f in e
( n ^ ( t ) ; ç ^ ( t ) )  = ( n j^ ( t ) ; ç ^ ( t ) ) ,  t  (  [ a ,c  -  e ^ ] ;
» ( u ^ ( t ) ; v ^ ( t ) ) ,  t  €  [c -  c -  e] ;
■ ( 0 ,0 ) ,  t  €  [c -  e , c ] .
Then n .^ €  and €  i S o U .c  -  e ] ; ç ^ ,  so th a t  J [ n ^ ;a ,c ]  -
J [ n ^ ; a , c - e ]  > 0 , and co n seq u en tly  upon l e t t i n g  e 0 we o b ta in  
J [ n ^ ; a ,c ]  > 0. Theorem 1 .4  im p lie s  th a t  J ( u ^ : c - E j^,c] > 0 and C o ro lla ry
1 .3  im p lie s  th a t  -  Ej^,c ] > J [ u ^ ;c  -  Ej^,c ] . Thus J [n j^ ;a ,c ]  > 0 ,  so
th a t  J [ n ; a , c ]  i s  n o n -n e g a tiv e  d e f i n i t e  f o r  n €  I f  n €  3  o ta ,c ]
and J [ n ; a , c ]  » 0 , th en  C o ro lla ry  1 .2  im p lie s  th e re  i s  a  v ^  ^  [ a ,c ]  such
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t h a t  (n ;v ) is  a  s o lu t io n  o f  (E) s a t i s f y i n g  n (a )  = 0 = n (c )  so  t h a t  n = 0 . 
Thus J [ n ; a ,c ]  i s  p o s i t iv e  d e f i n i t e  on 0 ^ [ a , c ] .  But Theorem 1 .4  g iv e s  
th e  e x is te n c e  o f  a co n jo in ed  b a s i s  Y (t)  -  (U ( t) ;V ( t) )  on [ a , c ] ,  and s in c e  
U (c) i s  n o n s in g u la r , we have a  co n jo in ed  b a s i s  w ith  U (t) n o n -s in g u la r  on 
[ a ,c  + 6 ] ,  (5 > 0 ) .  Thus J  i s  p o s i t i v e  d e f i n i t e  on B Ja,c  +  6] and we have 
a  c o n t ra d ic t io n  to  our ch o ice  o f  c u n le s s  c  * b ,  and J [ n ;a ,b ]  i s  p o s i t i v e  
d e f i n i t e  on j ^ [ a , b ] .
I f  th e  r o l e s  o f  t  = a  and t  = b a r e  in te rc h a n g e d , one may e s t a b l i s h  
th e  fo llo w in g  r e s u l t .
COROLLARY 1 .5 . The form J [ n ; a ,b ]  I s  p o s i t iv e  d e f in i t e  on ^ l^ [a ,b ]  
i f  and on ly  i f  N (t)  i s  n c n -d e c re a s in g  on [ a , b ] , and th e re  i s  no v a lu e  on 
[ a ,b )  w hich i s  c o n ju g a te  jko t  = b .
2. D iscon jugacy  c r i t e r i a . The r e s u l t s  o f  th e  p rece d in g  s e c t io n  
w i l l  be com pressed h e re  f o r  read y  r e f e r e n c e .
THEOREM 2 .1 .  ^  N (t)  i s  n o n -d e c re a s in g  f o r  t  €  [ a , b ] , th e n  th e  
fo llo w in g  c o n d itio n s  a re  e q u iv a le n t , 
i )  (E) i s  d ls c o n ju g a te  on [ a ,b ] .  
i i )  J [ n ; a ,b ]  i s  p o s i t i v e  d e f i n i t e  on ^ [ a , b ] . 
i l l )  There i s  no p o in t  on ( a ,b ]  c o n ju g a te  to  t  = a .  
iv )  There i s  no p o in t  on [ a ,b )  c o n ju g a te  to  t  = b . 
v) There e x i s t s  a  c o n jo in e d  b a s i s  Y (t)  * (U ( t) ;V ( t) )  f o r  (E) w ith  
U (t)  n o n s in g u la r  on [a ^ b ].
v i )  There e x i s t s  an  n  x  n  h e rm itia n  m a trix  f u n c tio n  W( t ) , t  E  [ a , b ] , 
w hich i s  £  s o lu t io n  of th e  R ic c a t i  m a tr ix  eq u a tio n
(2 .1 )  J^ [W ](t)  E [dW] +  W[dN]W -
a  Ja
t
dM ■ 0 , t  €  [ a ,b ] .
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Suppose th a t  f o r  a = 1 ,2  th e  m a tr ix  fu n c tio n s  and s a t i s f y  
hypo theses H and The co rresp o n d in g  c la s s e s  J 0 ta ,b ]  and J3 ^ [a ,b ]
w i l l  be  d en o ted  by  J& ^[a,b] and J3 j^ ^ [a ,b ] . I f  we have
(2 .2 )  N ^(t) i  N 2(t)
th en  ^ [ a , b ]  = and 6 ^ g [ a ,b ]  « j3 ^ g [ a ,b ] .  However, th e s e  r e l a ­
t io n s  may o ccu r w ith o u t (2 .2 )  h o ld in g . For a * 1 ,2  we have th e  correspond­
in g  system s
L ^ [ u ,v ] ( t )  = - d v ( t )  +  [d M ^ (t) ]u ( t)  » 0
(2-3=)
L2 [ u ,v ] ( t )  = d u ( t)  -  [d N ^ ( t) ]v ( t )  = 0 
and co rresp o n d in g  f u n c t io n a ls
fb
(2 .4 ^ ) J j j [ n ,ç ; a ,b ] {;*[dNgk+ n*[dî^]n}. 
a
In particular, if ^^^[a,b] * ^[a,b] then the difference
functional
(2 .5 )  J ^ 2 (h ;a ,b ]  »  J j^ [ri;a ,b ] -  J 2 [ n ;a ,b ]
i s  w e l l  d e f in e d  f o r  n €  .
THEOREM 2 .2 . Suppose t h a t  f o r  a = 1 ,2 ,  th e  n x  n  m a tr ix  fu n c tio n s  
N ^ ( t ) , M ^(t) s a t i s f y  h y p o th e ses  H and H^ and ^ ^ ( t )  iS . n o n -d ec rea s  in g . 
A lso suppose ^ ^ [ a f b ]  = and J ^ 2 [n :a ,b ]  i s  n o n -n e g a tiv e  d e f in i t e
°SL J ^ o t^ .b ]  = j9 j^ Q [a ,b ]  ■= , ^ Q [ a ,b ] .  ^  ( 2 . 32) i s  d isc o n  ju g a te  on [ a ,b ] ,  
th en  (2 .3 ^ ) i ^  a l s o  d ls c o n ju g a te  on [ a ,b ] . M oreover,  i f  J ^ 2 [n » a ,b ] i s  
p o s i t iv e  d e f i n i t e  on ^ ^ [ a ,b ]  th e n  th e  s o lu t io n s  o f  (2 . 32) o s c i l l a t e  
more r a p id ly  th a n  th e  s o lu t io n s  o f  (2 .3 ^ ) ^  th e  fo llo w in g  sen se  ; i f  t^  
and t 2 a re  m u tu a lly  c o n ju g a te  w ith  r e s p e c t  to  (2 .3 ^ )  th en  any co n jo in ed
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b a s is  Y ( t )  » (U ( t) ;V ( t ) )  f o r  i s  s in g u la r  a t  l e a s t  once on ( t ^ , t 2) .
I f  (Z .Sg) i s  d is c o n ju g a te  on [ a ,b ] ,  then  ( i i )  o f Theorem 2 .1  im p lie s  
th a t  J 2 [n ;a ,b ]  i s  p o s i t iv e  d e f in i t e  on jE f^[a,b] so th a t  J ^ [ n ; a ,b ]  i s  
p o s i t iv e  d e f in i t e  on f i ^ ( a , b ] .  Thus Theorem 1 .2  im p lie s  t h a t  N ^(t) i s  
n o n -d ec rea s in g . Hence (2 .3 ^ )  i s  d is c o n ju g a te  on [ a ,b ] .
Now, i n  a manner s im i la r  to  th e  p ro o f of Theorem 1 .5 ,  i t  can  be 
shown th a t  i f  th e re  i s  a  co n jo in ed  b a s is  Y (t) ■ ( U ( t) ;V ( t ) )  o f w ith
U (t) n o n s in g u la r  on ( a ,b )  and Nt2 ( t )  i s  n o n -d e c re a s in g  on t h i s  i n t e r v a l ,  
then  J 2 [n ;a ,b ]  i s  n o n -n e g a tiv e  d e f in i t e  on ^ ^ [ a , b ] .  L e t u ( t )  b e  a s o lu ­
tio n  o f (2 .3 ^ )  w ith  u ( t^ )  = 0 ■ uCbg), and u ( t )  Z 0 on w here
a < t f  < t 2 < b . I f  n ( t )  » u ( t )  f o r  t  £  = 0  on
U [ t 2 ,b ] ,  th e n  ^ [ a ,b ]  and J j^ [n ;a ,b ]  « J ^ [ u ; t ^ , t 2,] = 0 , so
th a t  J 2 [n ;a ,b ]  < 0 . Hence, any co n jo in ed  b a s is  Y (t)  * ( U ( t ) ;V ( t ) )  o f
(2 . 32) must have a t  l e a s t  one p o in t  on ( t , , t 2> w here U (t) i s  s in g u la r .
THEOREM 2 .3 . ^  N (t) i s  n o n -d ec rea sin g  on [ a ,b ] ,  th e n  (E) i s  d i s ­
con ju g a te  on [a ,b ]  i f  and o n ly  i f  one of th e  fo llo w in g  c o n d it io n s  h o ld s ;
( i )  th e re  e x i s t s  on [ a ,b ]  a  n o n s in g u la r  n x  n  m a tr ix  fu n c tio n
U ( t ) £  JD [a ,b ] :V  w ith  V of bounded v a r ia t io n  on [ a ,b ]  w h ile  {U;V |U ;V }(t) = 0 ,
and U L^[U,V] i s  n o n -d e c re a s in g  f o r  t  £  [ a ,b ] ;
a
( i i )  th e re  e x i s t s  an  n x  n h e rm itia n  m a tr ix  fu n c tio n  W (t) of^ bounded 
v a r ia t io n  on [a ,b ]  w hich i s  such th a t
V ^ [ w ] ( t )  E [dW] +
a
W[dN]W -
a
f t
[dM]
a
i s  n o n - in c re a s in g  f o r  t  £  [ a , b ] .
I f  (E) i s  d is c o n ju g a te  on [a ,b ]  then  th e re  i s  a  c o n jo in ed  b a s is  
Y (t) ■ (U ( t) ;V ( t) )  o f  (E) w ith  U (t) n o n -s in g u la r  on [ a ,b ] ;  a l s o ,  U (t)
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s a t i s f i e s  ( i )  and W(t) = V (t)U  ^ ( t )  s a t i s f i e s  ( i i ) .
On th e  o th e r  hand , i f  U (t)  s a t i s f i e s  ( i )  th en  l e t  P ( t )  =
U*L^[U,V]. S ince U (t) i s  c o n tin u o u s , th e  in t e g r a l  e x i s t s  and d e f in e s  
a m a tr ix  fu n c tio n  o f bounded v a r i a t i o n  on [ a ,b ] .  I f  we ta k e  th e  system
(2 . 32) CO be such th a t
dNgCt) = dN (t) dM ^(t) 5 dM(t) -  U * " l ( t ) [ d P ( t ) ] u " l ( t ) ,  
th en  (U;V) i s  a  con jo ined  b a s is  f o r  ( 2 . 3I2) .  I f  (2 .3 ^ ) i s  system  (E ), then
J^2 [n ;a ,b ]  -  [ n*U*"^[dP]u"^n > 0
* aa
fo r  n £  j^ |g [a ,b ] ,  so th a t  Theorem 2 .2  im p lie s  th a t  (E) i s  d is c o n ju g a te  on 
[ a ,b ] .
Under th e  c o n d itio n  ( i i i )  i f  Y (t)  » J^[W] ( t ) , then  Y (t) £  BV[a,b] 
and Y' i s  n o n - in c re a s in g . I f  we ta k e  U (t)  to  be  th e  s o lu t io n  of th e  system
t
dU =
a
t
[d N (s)]W (s)U (s), U(a) -  E,
a
and V (t) = W (t)U (t) , th en  U and V a re  n x  n m a tr ix  fu n c tio n s  on [a ,b ]  
w ith  V o f bounded v a r i a t io n  on [ a ,b ] ;  m oreover, U £  £ l [ a ,b ] :V ,  U i s  
n o n s in g u la r  on [ a ,b ] ,  w h ile  {U;V]U;V}(t) = 0 , t  Ç [ a , b ] , and
I": * f t  *
U*L^[U,V] -  -  U [dY]U
 ^a * a'a  •'a
which i s  n o n -d ec rea sin g  on [ a , b ] , so we have reduced  case  ( i i )  to  ca se  ( i ) .
R e su lts  may be o b ta in ed  co rre sp o n d in g  to  th e  r e s u l t s  o f  Reid [6 ; 
pp. 341-344] concern ing  s u f f i c i e n t  c o n d itio n s  f o r  th e  e x is te n c e  o f 
p r in c ip a l  s o lu tio n s  and p r o p e r t i e s  o f  s o lu t io n s  when a  p r in c ip a l  s o lu t io n  
e x i s t s .
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3 . F ocal p o in t s . We s h a l l  d en o te  by J 5 f^ [a ,b ]  th e  c l a s s  of a l l  
n €  «D [a ,b ]  w ith  n (b )  = 0  and by th e  c la s s  of a l l  n €  J& [ a ,b ]
w ith  n (a) = 0 . Then J^ ^ [a ,b ]  “  < ^ ^ ^ [ a ,b ] ( ^  J ^ ^ ^ [ a ,b ] . We s h a l l  a l s o  
c o n s id e r  th e  fu n c t io n a l
(3 .1 )  = n 2 (a ) rn ^ (a )  + J [n j^ ,n 2 ;a ,b ] .
I f  M and N s a t i s f y  and T i s  a  h e rm itia n  m a trix  th e n  J [n ^ :? j^ ,n ,:?2 » ^ » ^3  
i s  a  h e rm itia n  form on ^ [ a , b ]  x  j [ ^ [ a ,b ] . As in  th e  case  o f  the  fu n c ­
t i o n a l  J [ n ; a ,b ] ,  i f  J Ô [ a ,b ] :ç ^ ,  (a  « 1 ,2 ) ,  th en  th e  v a lu e  of ( 3 .1 )  
i s  independen t o f  th e  v a lu e  o f  so t h a t  we w i l l  a b b re v ia te  to  J [n 2 »Tl2 >s»^]
A
o r J [ n ^ ;a ,b ]  i f  = Hg.
U sing th e  r e s u l t s  o f Theorem 1 .1  and C o ro lla ry  1 .2  we can  o b ta in  th e  
fo llo w in g  r e s u l t s .
THEOREM 3 .1 .  T here e x i s t s  a  s o lu t io n  (u ;v ) o f (E) such th a t
(3 .2 )  P u (a ) -  v ( a )  = 0
i f  and on ly  i f  th e re  e x i s t s  a  v ^  (  ^ [ a , b ]  such th a t  u G f î [ a ,b ] :v ^  and
•J[u ;v j^ ,n :ç ;a ,b ]  = 0 f o r  n €  ^ ^ ^ [ a , b ] : ( .
COROLLARY 3 .1 .  ^  J [ n ; a ,b ]  i s  n o n -n e g a tiv e  d e f in i t e  on
and th e r e  e x i s t s  a  uG  < S ^^ta ,b ] s a t i s f y i n g  J [ u ;a ,b ]  ■ 0 , th e n  th e re
e x i s t s  & V such th a t  (u ,v )  l a  _a s o lu t io n  o f  (E) on [ a ,b ]  w hich s a t i s f i e s
th e  c o n d itio n
(3 .3 )  Fu(a) -  v ( a )  ■ 0 , u (b ) » 0.
S ince T i s  h e rm itia n , th e  s o lu t io n  Y (t)  ■ (U ( t) ;V ( t) )  w hich 
s a t i s f i e s  Y(a) « (E ,r )  i s  a co n jo in ed  b a s i s .  The fo llo w in g  r e s u l t  i s  
proved i n  a  manner s im i la r  to  t h a t  used  to  estab 'i.ish  Theorem 1 .5 .
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THEOREM 3 .2 . The f u n c t io n a l  J [ n ; a ,b ]  ^  p o s i t i v e  d e f in i te  on
I f  and only  i f  N (t)  ^  n o n -d e c re a s in g  on [ a , b ] , and th e  con­
jo in e d  b a s is  Y (t)  * ( U ( t ) ;V ( t ) )  f o r  (E) s a t i s f y i n g  Y (a ) » (E;T) i s  such 
t h a t  U (t)  i s  n o n s in g u la r  on [ a ,b ] .
R e la tiv e  to  th e  f u n c t io n a l  ( 3 .1 ) ,  o r  r e l a t i v e  to  system (E) w ith  
i n i t i a l  c o n d itio n  (3 .2 ) ,  a  v a lu e  t  6  [a ,b ]  I s  a  r ig h t-h a n d  {l e f t - h a n d } 
f o c a l  p o in t to  t  = a I f  T > a  { r  < a} and th e re  i s  a  s o lu tio n  ( u ( t ) ; v ( t ) )  
o f  (E) w hich s a t i s f i e s  ( 3 .2 ) ,  h a s  u (x )  *  0 ,  and u ( t )  ÿ 0 on th e  I n t e r v a l  
w ith  a  and t  a s  e n d p o in ts .
The fo llo w in g  r e s u l t  can  b e  e s ta b l i s h e d  by an argum ent s im i la r  to  
t h a t  o c c u rr in g  in  th e  p ro o f o f  Theorem 2 .2 ,  and u s in g  th e  r e s u l t  of 
Theorem 3 .2 .
THEOREM 3 .3 . Suppose t h a t  f o r  a  « 1 ,2  th e  n x  n m atrix  fu n c tio n s  
M ^(t) and N ^(t)  s a t i s f y  h y p o th e se s  H and H^, w h ile  i s  n o n -d e c re a s in g
on [ a ,b ] .  M oreover, f o r  a r b i t r a r y  [ c ,d ]  C  [a ,b ]  we have ^ ^ [ c , d ]  » 
^ g [ c , d ]  = J 3 [ c ,d ] ,  and F ^(a  » 1 ,2 )  a r e  h e rm itia n  m a tr ic e s  such t h a t
= J j^ (n ;a ,b ]  -  J 2 [ n ;a ,b ]
= n * ( a ) [ r ^  -  F2]n (a )  +
A
i s  n o n -n eg a tiv e  d e f in i t e  on jg ^ ^ [ a ,b ] . I f  r e l a t i v e  to  J2 [n ;a ,b ]  th e re
A
i s  no r ig h t-h a n d  fo c a l  p o in t  to  a  on ( a , b ] , th en  r e l a t i v e  to  J ^ { n ;a ,b ]  
th e re  i s  a ls o  no r ig h t-h a n d  f o c a l  p o in t  ^  a  on (a ,b  ] .
CHAPTER VI 
MORSE FUNDAMENTAL POEMS
1 . Focal p o in t s . The r e s u l t s  of t h i s  s e c t io n  co rrespond  to  the  
r e s u l t s  found in  Reid [6 , pp. 356-366] and th e  p ro o fs  o f th e  r e s u l t s  a re  
in  m ost cases  th e  d i r e c t  an a lo g  o f  R e id ’s p ro o fs . We w ish to  examine 
th e  r e la t io n s h ip  o f  th e  Morse Q u a d ra tic  Form and th e  id e a  lo c a l  p o in ts  
as d e fin e d  in  S e c tio n  3 o f  th e  l a s t  c h a p te r .  That i s ,  i f  h y p o th e s is  
i s  s a t i s f i e d  and Y (t)  = ( U ( t ) ;V ( t ) )  i s  a  co n jo in ed  b a s i s  f o r  (E) on [ a ,b ] ,  
th e n  c i s  a  f o c a l  p o in t o f  th e  fa m ily  o f  o rd e r  k  i f  U(c) i s  s in g u la r  and 
o f ra n k  n - k .  The fo llo w in g  lemma i s  b a s ic  to  th e  s tu d y  o f  th e se  p o in ts .
LEMMA 1 .1 .  Suppose h y p o th e s is  h o ld s  and (E) ^  d is c o n ju g a te  on 
[ a ,b ] .  ^  Y (t)  = (U ( t) ;V ( t ) )  i s  a  c o n jo in ed  b a s is  f o r  (E ), th en  on (a ,b ]
and [ a ,b )  th e re  a re  a t  m ost n  f o c a l  p o in t s , each p o in t b e in g  counted ^  
number o f  tim es eq u a l to  i t s  o r d e r . M oreover, th e  f o c a l  p o in ts  o f  a 
co n jo in ed  b a s is  a re  i s o l a t e d .
Throughout th e  rem ainder o f  t h i s  c h a p te r  we w i l l  assume th a t  h o ld s .
A p a r t i t i o n
(1 .1 )  a -  t ^  < t^ < < t _  < t  “  bo 1 m m+i
w i l l  b e  c a l le d  a  fundam ental p a r t i t i o n  i f  (E) i s  d is c o n ju g a te  on each o f
th e  sub in t e r v a l s  [ t^  _ ^ , t ^ ] ,  i  ■ l,* * * ,m  +  l .  Such a p a r t i t i o n  e x i s t s
s in c e ,  in  view of th e  r e s u l t s  o f  C o ro lla ry  1 1 .2 .1  and Theorem V .2 .1 ,
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th e re  e x i s t s  a 6 > 0 such th a t  i f  | c - d |  < 5 ,  [c ,d ]  C  [ a ,b ] ,  th en  (E) i s
d is c o n ju g a te  on [ c ,d ] .  M oreover, i f  T = { t  , t , , * * * , t  , t  . ,}  i s  a fu n d a-o i  m qtx
m enta l p a r t i t i o n ,  th en  any re fin e m en t i s  a l s o  a  fundam ental p a r t i t i o n .
I f  T i s  a fundam ental p a r t i t i o n ,  th en  i n  view o f  th e  c o n d itio n  
o f id e n t i c a l  n o rm a lity  and th e  r e s u l t  o f  Lemma IV. 1 .1  we have a  un ique 
s o lu t io n  u = u ^ j ,  V = v^^ of (E) such  th a t  = ^ j-1»  " g j ( t j )  “
( j = 1 ,2 ,•  • • ,m + 1 ) ,  w here th e  a r e  a r b i t r a r y  n -d im en s io n a l v e c to r s .  I f
Ç i s  d e fin e d  to  be th e  n(m + l )  v e c to r
Ç = P “  * , 2 , “ * ,n(m + l )
w ith  (u = l , ' " ' , n ,  j  = 0 , '" ' , m ) ,  th en  th e  co rresp o n d in g
v e c to r  fu n c tio n
U ç(t) = U g j( t ) ,  t j _ ^  < t  < t j ,  ( j  = l , ' ' " , m  +  l ) ,
i s  con tinuous on [a ,b ]  and l i n e a r  i n  th e  components o f  C. We s h a l l  
deno te  by ^ ( n ) ,  the  s e t  o f a l l  v e c to r s  Ç. I f  ^ we s h a l l  say
Ç £  , and i f  5^ = 0 we s h a l l  say Ç £ (H). M oreover, s e t
^ ^ (H) = S I f  G i s  an n X n h e rm itia n  m a tr ix ,  th e  form
(1 .2 )  Q °[Ç ^,Ç ^|n] = + J [u  , ,u  , ; a , b ]* o 0 Ç Ç
i s  h e rm itia n  on s in c e  J  i s  a  h e rm itia n  f u n c t io n a l .  Thus, th e re
i s  an n(m + l )  d im en sio n a l, h e rm itia n  m a trix  Q° such th a t
q° [ ç^ , ç2 | ïï] -  s ^ tq o ^ i
THEOREM 1 .1 . G i ^  ^  n  x  n  h e rm itia n  m a tr ix  and T and u ^ ( t )  a re  
s p e c if ie d  as  above, then  ^  o f rank  n(m + l ) - r  i f  and only  i f  t  = b i s
^  f o c a l  p o in t of o rd e r r  o f th e  con j oined fam ily  of s o lu t io n s
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Y (t) = (U ( t) ;V ( t) )  of (E) w ith  Y(a )  = (E;G). M oreover, th e  e lem en ts  o f
a re  con tinuous fu n c tio n s  o f th e  elem ents o f G and o f t ^ , t 2 >• • • , t ^ .
For th e  system s o f  o rd in a ry  d i f f e r e n t i a l  eq u a tio n s  c o n s id e re d  in
[6 ; C hap ter V II, S e c tio n  7] th e  p ro o f o f a  r e s u l t  co rresp o n d in g  to  th a t
o f th e  above theorem u se s  th e  c o n t in u i ty  of th e  v e c to r  fu n c tio n s  u^ and
v_ as fu n c tio n s  o f  t , t  , t ^ , • • • , t  . , .  In  th e  p re s e n t s i t u a t io n  th e  fu n c - s o J. nrrx
tio n s  Uç a re  con tinuous f u n c t io n s ,  b u t  th e  fu n c tio n s  v^ a r e  n o t 
n e c e s s a r i ly  co n tin u o u s . However, th e  type o f argum ent used  by Reid 
[5 ; pp. 716-717] to  e s t a b l i s h  th e  s ta t e d  r e s u l t  fo r  a  system  (E) where 
N (t)  i s  a b s o lu te ly  con tinuous i s  s t i l l  v a l id  f o r  th e  more g e n e ra l  problem  
c o n s id e re d  h e re .
The dim ension of th e  n u l l  space
{C 1 Q°Ç -  0}
i s  c a l le d  th e  n u l l i t y  o f Q°, and th e  dim ension o f th e  l a r g e s t  sub space  on 
which Q* i s  n e g a tiv e  d e f i n i t e  i s  c a l le d  th e  (n e g a tiv e )  in d ex  o f Q^. We 
can now o b ta in  th e  fo llo w in g  r e s u l t s .
THEOREM 1 .2 . ^  II ^  _a fundam ental p a r t i t i o n  o f  [ a , b ] , th e n  th e  
index  o f  Q*[C | H] ^  e q u a l to  th e  number o f p o in ts  on th e  open in t e r v a l  
(a ,b )  w hich a re  r ig h t-h a n d  f o c a l  p o in ts  ^  t  = a  r e l a t i v e  to  th e  fu n c -
A
t i o n a l  J [ n ;a ,b ]  where each  f o c a l  p o in t  i s  c o u n te d _a number o f tim es eq u a l 
to  i t s  o rd e r .
THEOREM 1 .3 . ^  II ^  ^  fundam ental p a r t i t i o n  o f  [ a , b ] , th e n  th e  
in d e x , {index  p lu s  n u l l i t y }, o f  Q*[Ç|H] ^  equal to  th e  l a r g e s t  non­
n e g a t iv e  d e f in i t e  in te g e r  k such th a t  th e re  e x i s t s  ^  k-d lm e n s io n a l man i ­
fo ld  i n  j^ ^ ^ [a ,b ]  on w hich J [ n ; a ,b ]  i s  n eg a tiv e  d e f i n i t e , {n o n -p o s it iv e  
d e f in i t e } .
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For a  co n jo in ed  b a s i s  Y ^(t) = (U ^ ( t) ;V ^ ( t) )  o f  (E ) , th e  d e s ig n a tio n
o f a  p o in t  c  w here U^(c) i s  s in g u la r  a s  a f o c a l  p o in t i s  c o n s is te n t  w ith
th e  c h a r a c te r i z a t i o n  o f a  fo c a l  p o in t  in  te rm s of th e  f u n c t io n a l  J .  I f
t  = a  i s  a  p o in t  such  t h a t  U (a) i s  n o n - s in g u la r  th e n  W (a) = V (a)U ^ (a )o o o o
i s  h e rm it ia n ,  and ( U ( t) ;V ( t ) )  » (U ^ (t)U ^ ^ (a );V ^ (t)U ^ ^ (a ))  i s  a  co n jo in ed
s o lu t io n  w hich s a t i s f i e s  U(a) = E, V (a) = V (a)U ^ ( a ) .  I f  we l e to o o
A
r  = W ^(a), th e n  a  v a lu e  c > a  w i l l  b e  a  f o c a l  p o in t  o f J [ n ;a ,b ]  o f o rd e r  
k  i f  and on ly  i f  U (c) i s  s in g u la r  o f  o rd e r  n - k .
F o r a  g iv en  c Ç [ a ,b ] ,  th e  p o in ts  o f [ a ,b ]  which a r e  r ig h t-h a n d  f o c a l
p o in ts  to  t  = c r e l a t i v e  to  th e  f u n c t io n a l  J[ri ;a ,b ]  w i l l  be o rd ered  a s  a
+ + + sequence 7 ^ (1 ) , (p = 1 ,2 , ' " ' ) ,  and numbered so  th a t  T^Cr) < , w ith
each  re p e a te d  a  number o f  tim es e q u a l to  i t s  o rd e r  a s  a  f o c a l  p o in t .  For
fo c a l  p o in ts  we have th e  fo llo w in g  b a s ic  s e p a r a t io n  theorem .
THEOREM 1 .4 . Suppose th a t  (E) s a t i s f i e s  h y p o th e s is  E^, and fo r
a = 1 ,2  l e t
fb
J g [ n ;a ,b ]  = n * (a ) r^ n (a )  + {Ç*[dN^]Ç + n*[dM ^]n}, 
a
w here and a re  n x  n  h e rm itia n  m a tr ic e s . M oreover. l e t  (? and 71 
deno te  th e  number o f  p o s i t i v e  and n e g a tiv e  p ro p e r v a lu e s  o f th e  h e rm itia n
m a tr ix  F^ -  F^, w here each  p ro p er v a lu e  i s  re p e a te d  number o f tim es
eq u a l to  i t s  m u l t i p l i c i t y . I f  f o r  ji p o s i t iv e  in te g e r  p th e  f o c a l  p o in t 
(Fg,) e x i s t s ,  th e n  / ( F ^ )  e x i s t s  and x^C F^ < x ^ ç , ( F 2) ;  «  x ^ ^  (F^)
e x i s t s  then  x^(F<.) e x i s t s  and x^(F„) < x * .^  ( F , ) .———  ■ p Z — —— p Z — px#! j.
2 . C onjugate p o in t s . I f  we ta k e  fundam ental p a r t i t i o n s  a s  in  th e  
l a s t  s e c t i o n ,  and S Q (n ), (1 "  1 ,2 ) ,  th e n  we a g a in  o b ta in  a  form
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Q °[Ç ^,C ^|n] w hich i s  fundam ental to  th e  s tu d y  o f co n ju g a te  p o in ts .  U sing 
th e  same te c h n iq u e s  a s  i n  S e c tio n  1 , we may e s t a b l i s h  r e s u l t s  correspond­
in g  to  Theorems 1 .1 ,  1 .2 ,  1 .3 ,  and 1 .4 ,  a lo n g  w ith  th e  fo llow ing  
a d d i t io n a l  r e s u l t s .
THEOREM 2 .1 .  The number o f  p o in ts  on ( a , b ) , { ( a ,b ] } ,  c o n ju g a te  to  
a i s  th e  same a s  th e  number o f  p o in ts  on ( a ,b ) ,  { [ a ,b )}  co n ju g a te  to  b ,  
where each  p o in t  i s  coun ted  a number o f tim es e q u a l to  i t s  o rd e r  as a 
co n ju g a te  p o in t .
I f  we l e t  tp ( a )  and t “ (a) b e  th e  p - th  r i g h t  and l e f t  c o n ju g a te  
p o in t o f  a ,  r e s p e c t iv e ly ,  a g a in  w ith  th e  u s u a l  o rd e r  and numbering conven­
t i o n ,  we g e t  th e  fo llo w in g  r e s u l t s .
THEOREM 2 .2 .  ^  t ^ ( c ) , { t“ ( c )} ,  e x i s t s  f o r  c  = c ^ , then  th e re
e x i s t s  ^  6 > 0 su ch  th a t  t ^ ( c ) , { t ” (c)}  e x i s t s  f o r  c €  (c^ -  5 ,c ^  + 6 ) ;  
m oreover, t ^ ( c ) ,  { t” (c )}  i s  con tinuous a t  c^ .
THEOREM 2 .3 .  _lf a^  € [ a ,b ] ,  (a = 1 ,2 ) ,  and a^  ^ < a ^ , then  whenever 
t ^ i a ^ ) ,  { t” (a^ )}  e x i s t s , th e  c o n ju g a te  p o in t  t ^ ( a ^ ) , {tpCa^)} a l s o  e x is t s
■âSi > t ^ ( a ^ ) ,  { t“ (a  ) > t " ( a  )} .p z p i  P 2  p i
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